Topology Aware Vector Field Denoising
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Analysis

Global streamline behavior = topology



Real Velocity Measures

Particle Image Velocimetry - PIV
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Data: Sakakibara Lab
Department of Engineering Mechanics and Energy
University of Tsukuba
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Real Velocity Measures

CCD Camera CCD Camera

Impinging plate

Data: Alzuguir, L. and Abrantes, ].
(Dept. of Mechanical Enginering, PUC - Rio)



Real Data

Impinging plate
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Impinging plate
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Impinging plate
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Topology-aware Vector Field Filter
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Topology-aware Vector Field Filter
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Topology-aware Vector Field Filter
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Topology-aware Vector Field Filter
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Topology-aware Vector Field Filter
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Scale Space

Denoising at a
Single Scale?



Scale Space
Single Scale?




Scale Space

ingle Scale?

e 37
I NRR Sy ot
=

= |

Ul s

-
- \_“-



Big Picture
==\

%/ i 0

7/\// Final field

Denoising Topology § 1
information
- / User

Scale space



Big Picture

x L

Topolo gy
informatio



Detection of Singularities

V(ajiv yZ) =0




Detection of Singularities

V(ajiv yZ) =0

- Bilinear interpolation
- Winding nhumbers

- Weak regions



Detection of Singularities

V(ajiv yZ) =0

- Bilinear interpolation

- Winding nhumbers



Detection of Singularities

v(z;,y;) =0
- Bilinear interpolation
- Winding nhumbers
1
wr(v) = 5 }éd@(v)

- Weak regions
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Partl|
dnrmx := Sth De ree POIXnOmiaI

-8*Fx0 [ A2*x 4*Fy | 00 4+2*Fx | 02 2*Fy00/4*x A 5+F*Fx | 0 2*Fy | 0*Fy00/3-2*Fx00*Fx | I *Fy | 0*Fy00/3+2*Fx0 | A2*x"5*Fy | 0
A4-20%Fx | 0A2*Fy00/4*xA2-2*%Fx0072*Fy | 0*Fy | I *Fx | 1 A2*x"2+2*Fx00”4*Fy | 0*Fy | | +2*Fx00*Fx0 | *Fy | 0" 4+2*x*Fy | 0" 4*
Fx0172-8*%Fx | 1"2*x"4*Fy00"4-4*Fx00*Fx0 | A2*Fy | 0A2*x*Fx | 0-8*Fy0 | *x5*Fx | | A2*Fy | 0*Fx00/2-20*Fy | 0A2*Fx00/4*xA
2+2FxASFFy | | A2%Fx0 | A4+2*xA5*Fy | | A4*Fx0 | A2+2*x*Fx0024*Fy | 1A2+2*x*Fy00/r4*Fx | | A2+2%x*FyQ | A2*%Fx | 0A4+2*xA5
*FyO 1 AM*Fx | 172-20%Fx00/2*Fy | 0A4*x"A2+2*Fx00*Fx0 | A2*Fy [ 0A2*xA2*Fx | | -8*Fx0 | A2*xA2*Fy | 0" 4-8*Fx | | A2*x"2*Fy00
A +8*Fy00*Fx | 0A3*xA5*Fy0 | *Fx00-8*Fy00*Fx | 0A3*xA5*Fy0 I *Fx0 | +2*Fx 1 0A2*Fy0 | A4*xA5+20*Fx00/A2*Fy | 0A4*x3-4*F
x0072*Fy | 0*Fy | 1 A2*Fy00*x

+12*Fx0072*Fy | O*Fy | 1*Fx01/2*x"2-2*Fx0072*Fy | 0*Fy | 1*Fy0 | A2*x"2-40*Fx00/2*Fy | 0A3*x"3*Fy00+ | 6*Fx00"2*Fy | 0"
3*x"3*Fy0 | +40*Fx0012*Fy | 02 3*xA2*Fy00-4*Fx00/2*Fy | 0A3*x"2*Fy0 | -36*Fx00/2*Fy | 0" 2*x 4*Fy | 1 A2+4*Fy00"2*Fx00
*Fx 10A2%Fx0 | *x

+28*Fy0012*Fx0072*Fx | 0*x"2*Fx | | -20*Fx0012*Fy | 0 3*x*Fy00+36*Fx00/2*Fy | 0A2*xA3*Fy | | A2+4*Fx | [ A2*x"5*FyQ | A
3*Fy [0+2*x"2*Fy00/A2*Fx | [ A2*Fx00*Fx0 | +20*Fy00*Fx | | A2*x 4*Fy | | *Fx00/2+8*Fx0073*Fy | 0*Fy | I *Fx0 I*x
+4*Fx0072*Fy | 0A2*Fy | I *Fy0 | *x-4*Fx | | A2*x"5*Fy00/3*Fy | 0+2*Fy00"4*Fx | 0*Fx | | +2*Fy00*Fx | 0" 4*FyO0 | + | 2*Fy00*Fx
0073*Fx 1 0*Fy | [*x-28*Fy00*Fx00"3*Fx | 0*Fy | [ *xA2+8*x"3*Fy | | A2*Fy00/2*Fx0 | *Fx | | +8*x"3*Fy0 | *Fx0 I *Fx | | *"2*Fy 10
*Fx00- 1 0*Fx | 0A2*Fy00/4*x"4+2*Fx00/2*Fy | 07 4*x"5-2*Fx00*Fx | 1*Fy | 0*Fy00*Fy | [ A2*x/A2-8*Fx | | A2*xA5*Fy0 | A3*Fy00
+2*Fx0072*Fy | | "4*xA5+64*Fy00*Fx00*Fx | 0A3*Fy0 | *x*3-20*Fy00*Fx00"3*Fx | 0*Fy | 0*x

+2*Fx0072*Fy | 0*Fy | [ A2*Fy0 I*xA2+32*Fx00/A2*Fy | 0A3*xA2*Fy | | -4*Fx00/2*Fy | | A3*xA5*Fy0 | +4*Fx00/2*Fy | | A3*x 5*F
y00-8*Fx00A2*Fy | 1A3*xA5*Fy |0+ 1 6*Fx0072*Fy | | A3*x A 4*Fy | 0-8*Fx0072*Fy | 1 A3*xA3*Fy|0-10*Fx00/2*Fy | [ A3*x"4*FyQ
0+8%*Fx0072*Fy | | A3*xA3*Fy00+4*Fx0072*Fy | | A3*x"4*Fy0 | -8*Fx00"2*Fy | 0 3*xA5*Fy | |-4*Fx00/2*Fy | 0A3*x"5*Fy00+4
*Fx00/A2*Fy | 0A3*xA5*Fy0 | -24*Fy0 | *x*Fx | 0A2*Fy | 0*Fx00/2+ | 2*Fy0 | A2*xA3*Fx | 074+ | 2*Fx0072*Fy | 00 2*xA5*Fy | 1A2-4
*Fy00*Fx | 0A3*xA5*Fy | 0*Fx00- | 4*Fx00/2*Fy | 0 3*x"4*Fy0 | +20*Fx00"2*Fy | 0" 3*x"4*Fy00+32*Fx00/2*Fy | 02 3*x 4*Fy |
| +4*Fy00/2*Fx00*Fx | 0A2*Fx0 | *x"2- 1 2*Fy00/2*Fx00/2*Fx | 0*Fx | 1*x-48*Fx0072*Fy | 0A3*x"3*Fy | | - | 2*Fx00/2*Fy | A2
*xA2*Fy 10A2-10*x"2*Fy | I *Fy0 I’Fx0 I**Fx | 0*Fx00/2+72*Fx0 | *x*2*Fy | 0A2*Fx00*Fy00*Fy | |-20*Fx00”2*Fy | 0 2*Fy00/2
*xA2+32*Fx0 | *xA3*Fy | 0A2*Fx00*FyO0 | *Fy | 1 +10*Fx0072*Fy | 0A2*Fy00/2*x-2*Fx00/2*Fy0 | A2*x 4*Fy | 1A2-16*Fx00*Fx0
| *Fy 10A2*Fy00*Fy | | *x

+4*Fx00*Fy | 0*Fy00/3*Fx | 0+20*Fx00/2*Fy | 0A2*Fy00/2*x"3-4*xA5*Fy | [ *Fy0 | *Fx0 | *Fx | 1 *3-4*Fy | 0A2*Fx0 | A3*xA5*Fx
| 1+20*Fy00*Fx |1 022*x A 4*Fy | 1*Fx0[2-50*Fy00/2*Fx | 0A2*x"4*Fx00*Fx | | +16*Fy00*Fx | 0A3*x"4*Fy | | *Fx0 | -28*Fy00*F
x| 0A3*xA2*Fy | I*Fx00-8*Fy | 0A2*Fx0 | A3*xA5*Fx00+ | 6*Fy | 0A2*Fx0 | A3*x"4*Fx00+ | 2*Fy0022*Fx | I A2*x"5*Fx0 | *Fx 10



Part2
Sth Degree Polynomial

-8*Fy00*Fx | | A3*xA5*Fy0 | *Fx00- | 0*Fy | 0A2*Fx0 | A3*x"4*Fx | 0+4*Fy | 0"2*Fx0 | A3*x 4*Fx | | -4*Fx00"2*Fy | 0*Fy | I*Fx0 | *
xA2*¥Fx | | +4*Fx0072*Fy0 | A2*%xA2*Fy | 0A2-4*Fx00*FxO0 I *Fy | 0A2*FyQ I *xA2*Fy | | +2*Fx00/2*Fy0 | A2*x"5*Fy | | A2-6*x"2*F
y | I’*Fy0 1*Fx0 I*Fx | 07 3-4*xA5*FyQ | A3*Fx | 1A2*Fy | 1-12*Fy | 0A2*Fx0 | A2*xA2*Fx00/22+4*Fy | 00 2*Fx0 | A3*xA5*Fx 1 0-24*F
y | 1A2%xA3*Fx00A3*Fx0 | -2*Fy00*Fx | 0*Fy | O*FxO0 I *Fy | 1 A2*xA2-4*Fy00/2*Fx | 0*Fx | I *Fy0 I*xA2*Fy | | -1 6*Fy00"2*Fx | O*F
x | I*Fy0 I**x*Fy | 0-4*Fy00*Fx | 0A2*Fy0 | *Fx0 | *xA2*Fx | | - | 6*Fy00*Fx | 0A2*Fy0 I *Fx00*Fx | I*x-10*Fy | | A2*x"4*Fx00/3*Fx
| 1-16*Fx0022*Fy | 0*Fy | I*Fx0 [ *x*Fx 10-24*Fy | [ A2*xA3*Fx00/3*Fx | 0-24*Fy | | A2*xA4*Fx00”2*Fx0 | A2-4*Fx0072*Fx | 0*F
yO0 I *Fy | 0*Fx0 | *x+8%xA3*Fy0 | A2*Fx0 | *Fx | | *Fy | 0A2-4*Fy00/2*Fx | 0*Fy | 0*Fx0 | *Fy0 | *x

+4*Fy | 1A2*xA5*Fx00A3*Fx | | +12%Fy | 1 A2*xA5*Fx0072*Fx0 | A2+4*Fy00*Fx | 0*Fy | 0*Fx0 | A2*Fx00%*x

+8*Fy00*Fx | 0*Fy 1 0A2*Fx0 | *Fy0 | *x

+8*Fy00/2*Fx | 0*Fy | 0*Fx0 | *Fy | 1 *x-4*Fy00*Fx | 0A2*Fy | 0*Fx0 I *Fx | | *x-4*Fy00*Fx | 0*Fy | 0A2*Fx0 I *Fy | 1*x-2*Fy00*Fx |
0*Fy | 0*Fx0 I *Fy0 | A2*xA2-12*Fy | I *x*Fx00"4*Fy | 0-2*Fy00*Fx | 0*Fy | 0*Fx0 | *Fx | 1 A2*xA2+ [ 6*Fy | | A2*xA2*Fx00”3*Fx 10
+24*Fy | | A2*x"4*Fx00"3*Fx0 | +8*Fy | | A2*x"3*Fx00/3*Fx | | +16*Fy | | A2*x"4*Fx00/3*Fx | 0+2*Fy00/2*Fx00/2*x"5*Fx |
072-10*Fy00/12*Fx00/2*x"4*Fx | 0A2-2*Fy00*Fx | 0A2*Fy0 I *Fx0 | A2*x"2-8*Fy | | A2*xA5*Fx0 | A3*Fx00+4*Fy | [ A2*x"5*Fx0
| A3*Fx 1 0-40*Fy0 I"*xA2*Fx | 0A3*Fy00*Fx | 1-8*Fy | | A2*xA5*Fx00/3*Fx0 | +4*Fx | 1 A2*xA5*Fy00A3*Fy | | + | 2*Fy00*Fx | 0A2*
FyO I *Fx | 1 A2*xA2-2*Fy00*Fx 1 0A2*Fy0 | *Fy | [ A2*xA2-4*Fy | | A2*xA5*Fx00A3*Fx | 0+2*Fy0 | A2*x"5*Fx0072*Fx | 0A2-8*Fy0
| A2*xA4*Fx0072*Fx | 0A2+2*Fy0 | A2*xA5*Fx0 | A2*Fx | 022-2*Fy0 | A2*x A *Fx0 | A2*Fx | 042-8*Fy0022*Fx | 0A3*Fx | 1*x-8*Fy
007 2*Fx00/A2*Fx | 1 A2*xA2+2*Fy00/A2*Fx0 | A2*xA5%Fx | 0A2+2*Fy00/A2*Fx0 | A2*xA5*Fx | 1A2-2*Fy00/2*Fx0 | A2*xA*Fx | | A
2+8*Fy | | "2*xA5%Fx0 | *Fx | 0*Fx00*Fx | | -16*Fy | [ A2*x A 4*Fx0 | *Fx | 0*Fx00*Fx | | +12*Fy00A2*Fx0012*x"3*Fx | | A2-4*Fy00
A2*¥Fx0 I*x*Fx | 02 3-4*Fy00/2*Fx0 | A2*x A 4*Fx | 0A2+4*Fy00/A2*Fx0 | A2*x"2*Fx | 0A2-8*Fy00/2*Fx00/2*x 4*Fx | | A2+2*Fy0
0/A2*Fx00/2*xAS5*Fx | 1A2+4*Fy0072*Fx 1 0A2*FyO | *Fy | 1*x

+8*Fy00*Fx | 0A3*Fy0 | *Fx | 1 *x-4*xA5*Fy | | A2*Fx0 1 A3*Fx | [ -6*Fy0 | A2*x 4*Fx0072*Fx | | A2+56*Fy00*Fx00”2*Fx | 0 2*Fy
| 1xA2-64*Fy00*Fx00/2*Fx | 0A2*Fy | [ *xA3+2*Fy0 | A2*xA5*Fx00/A2*Fx | A2+ 1 2*%Fx | | A2*xA5*Fy00/A2*Fy0 | A2-8*Fx | | A2*x
A5*Fy00/3*Fy0 | +12*Fy0 | A2#xA3*Fx00/2*Fx | 0A2-4*Fy00*Fx | 0A2*Fy0 | A2*x*Fy | 0+8*Fy0 | *x"2*Fx | 0 3*Fy00*Fx0 | - | 0*F
y00A2*Fx | 00 4*x N 4-8*Fy0 | A2*x"2*Fx00/2*Fx | 072- 1 0*Fy | 0 2*Fx00/2*x A 4*Fx | 0A2+2*x*Fy | 0A2*Fx0 | A2*Fy00/2-8*Fy 1 0
A2*¥Fx0 1 A2*xA2*Fx | 072+ 2*Fy00*Fx | 0A2*Fy0 | A2*xA2*Fy | | +8*Fy | 0*Fx0 | A2*xA5*Fx | I*Fy | 1*Fx10-8*Fy 10*Fx0 | *x"4*Fx
| A2%Fy | I*Fx00+ | 6*Fy0 | *x*2*Fx 1 0A3*Fy | 0*Fx0 | -28*Fy0 I *xA2*Fx | 0A3*Fy | 0*Fx00-2*Fy00"2*Fx | | A4*x"4-4*Fy | 0A2*Fx
0022 M *Fx | | A2+42%Fy | 0A2FFx00A 2 x A5*Fx | | A2+2*Fy | 0A2*Fx00A2*xA5%Fx | 0A2- 1 2*Fx | I'x*Fy00"4*Fx | 0-24*Fy | 0A2*F
YOOFY AR Fye | *FxO | *Fx | 0-24*Fv | OF*Fx QO ) A 4% Fx | | *Fv | | ¥Fx | 0-2FFv | OAD*Fx O | A)*wA4%Fy | | A +8F%FvOO*Fx | | A3*wAS*F



Part3
Sth Degree Polynomial

+16*Fy00*Fx | 1A3*xA5*Fy0 | *Fx | 0-8*Fy | 0A2*Fx0 | A2*x"4*Fx | 0A2+32*Fy0 I *x"3*Fx0 I *Fx | | *Fy | 0*Fx00/2- | 6*Fy | 0*FxO0 |

A2EXAGFFEx 1 OFFy | I*Fx | 1+ 12*Fy | 0A2*Fx0 | A2*xA3*Fx | 0A2-32*Fy | 0Fx0 | *xA4*Fx 1 0A2*Fy | | *Fx00+24*Fy00*Fx | 0A2*xA3*
Fy 10*Fx0 1 22-40*Fy00*Fx | 0A2*x"4*Fy | 0*Fx00/2+8*Fy | 0*Fx00*xA5*Fx | I A2*Fy | I**Fx0 | +4*x"2*Fy00/2*Fx | 0*Fy | 1 A2*Fx
01+2*Fy | 0A2*Fx0 I A2*xA5*Fx | 1 A2+ 1 6*Fx | | A2*xA4*Fy00/3*Fy | 0+8*Fy | 02 2*Fx00*x"5*Fx | 0*Fx0 | *Fx | | +8*Fy | 0*Fx00*x
AS*Fx1072*Fy | 1*Fx0 | +8*Fy | 0*Fx00/2*xA5*Fx 1 0*Fy | I**Fx | 1 +24*Fy0 | *x"2*Fx0 | *Fx | 0*Fy | 0*Fx00/2-64*Fy0 | *x"3*Fx 10
A2*Fy 1 0*Fx0012-2*Fy0022*Fx | O*Fx | 1*Fx0 1 A2*xA2+ 1 2*Fy00/2*Fx | 0*Fx | [ *Fy0 | A2*xA2-2*Fy00/2*Fx | O*Fx | I *Fy | [ A2%x
A2-8*Fy | 1A 2*xA2*Fx0072*Fx 1 0A2+60*Fy00*Fx | 0A2*xA4*FyQ | *Fx | 1A2-2*Fy | | A2*xA4*Fx00"2*Fx | 172-22*Fy00A2*Fx | | A
2%x"*Fx0 1 *Fx | 0+2*Fy | | A2*xA5*Fx00/A2*Fx | A2+ 12*Fy | [ A2#xA3*Fx0022*Fx | 0A2+2*Fy | | A2*xA5*%Fx0072*Fx | 0A2+4*Fy
00*Fx | [A3*x A 4*Fy | O*FxO0 | -8*Fy | 1 A2*xA4*Fx00/2*Fx 1 0A2+2*Fy | | A2*xA5*Fx0 | A2*Fx | 0A2-6*Fy | [ A2*x A 4*Fx0 [ A2*Fx | 07
2-4*Fy | 0A2*Fx00/3*Fx | 1*x

+4*Fy | 0A2*Fx00/2*Fx | | A2%xA2+2*Fy | 0A2*Fx0 | A2*xA5*Fx | 0A2+8*Fy0 | A2*xA5*Fx0 | *Fx 1 0*Fx00*Fx | | -1 6*FyQ | A2*x A 4*
FxO 1 *Fx |1 0*Fx00*Fx | [ +2*Fy | | A2*xA5*Fx0074-8*Fx00/2*Fy | 0A3*Fy | | *x

+2*Fx0072*Fy00/2*xA5*Fy | 0A2-8*Fy | | A2*x A 4*Fx00/4-8*Fx | 0A2*Fy00/3*Fy0 | *x

+2*Fy | 0A2*Fx00/4*xA5-2*Fy | 00 2*Fx0 | A4*x"4- 1 0*Fx | 1 A2*x"4*Fy00"3*Fy | | +2*Fx0|A2*xA5*Fy00/A2*Fy | | A2-6*Fx0 | A2*
xA4*Fy00/2*Fy | [ A2+24*Fy00*Fx | 0A2*Fx | I*x"2*Fy | 0*Fx0 | +2*Fx0 | A2*xA5*Fy00/2*Fy | 0A2+2*Fy | 0A2*Fx0 | A4*x"5-8*Fy
| 1A2*xA2*Fx0074+2*Fx0 | A2*xA5*Fy0 | A2*Fy | 012-40*Fy00*Fx00/3*Fx | 0*Fy | 0%x*3+32*Fy00*Fx | 0A2*Fx | | *x"3*Fy | | *Fx
01+24*Fy00*Fx | 0A2*Fx | [*xA2*Fy | I *Fx00-2*Fx0 | A2*x"4*FyQ | A2*Fy | 0A2-8*Fx0 | A2*x"4*Fy | 0A2*Fy00/2+ | 2*Fx0 | A2*xA
3*Fy 1 0A2*Fy00/2-8*Fx0 | A2*xA2*Fy | 0A2*Fy00/2+8*x*Fx00*Fx0 | *Fy | 0*Fy | I*Fy00/2+ | 2*Fy | | A2*x"3*Fx00/4-8*Fx | |2
*xA2*Fy | 0A2*Fy00/2+2*Fx | 0A2*Fy00A2*xA5*Fy | 0A2+2*Fx | 0A2*Fy0 | A2*xA5*Fy | 0A2+20*Fy0 | A2*xA*Fx | 00 2*Fx0 | *Fx |

| +40*Fy0 | A2*xA3*Fx | 0A2*Fx00*Fx | | +10*Fy00/A2*Fx | 0" 4*x

+2%Fx | 0A2*Fy00/2*xA5*Fy | [ A2-4*Fx 1022*Fy00/3*Fy | | *x-4*Fx | 072*Fy0072*Fy | 1 A2*x"4-4*Fy0 | *xA5*Fx | 0A3*Fy | 0*Fx0
| +4*Fx | 07 2*Fy00/2*Fy | 1A2*x"2-10*Fx | 0A2*Fy00/2*Fy | 0A2*x"4-8*Fx | 0A2*Fy0 | A2*x" 4*Fy | 072+ | 2*Fx | 0A2*FyQ | A2*xA
3*Fy 1072-8*Fx | 0A2*Fy0 | A2*xA2*Fy | 0A2-2*Fx 1 0A2*FyQ | A2*xA4*Fy | | A2+2*%Fx | 0A2*Fy0 I A2#xA5*Fy | | A2+2*Fx | | A2#xA5*
FyO0/A2*Fy | [ A2-2*%Fx | [ A2*xA4*Fy00A2*Fy | [ A2+ 1 2*Fy0 | *x*Fx 10A3*Fy | 0*Fx00+56*Fy0 | *xA2*Fx | 0A2*Fy | 0*Fx00/2+2*F

x | [A2*%xA5*Fy00A2*Fy | 0A2+8*Fy00*Fx00*x A5*Fx | I A2*Fy0 I*Fx0 | +2*Fx | | A2*xA5*Fy0 | A2*Fy | 072-6™*Fx | [*2*x 4*Fy0 |2
*Fy 10A2-8*Fx | | A2*x *Fy | 0A2*Fy00/2+8*Fy00*Fx0 | A2*xA5*Fx | I*Fy0 I*Fx | 0+ 1 2*Fx | [ A2*x*3*Fy | 0A2*Fy00/2+8*Fy00*
Fx | 072*xA5%Fy | 0*Fx00/2+40*Fy00/2*Fx00*Fx | 0A3*x/2-20*Fy00/2*Fx00*Fx | 0" 3*x

+8*x"3*Fy00*Fx | I*3*Fy0 I **Fx | 0+2*xA4*Fy | 0*Fx0 | A2*Fy | I*Fy0 | A2+4*Fy00*Fx00”3*Fx | 0*Fy 1 0-20*Fy00"2*Fx00/2*Fx



Part4
Sth Degree Polynomial

+20*Fy0072*Fx0072*Fx | 0A2*xA3- 1 2*Fx00*Fy | 0A2*xA5*Fx | [ *Fy00*Fy I | -8*Fy00*Fx00/2*Fx | 0A2*Fy | 0-40*Fy00"2*Fx00
*Fx 1 0A3*xA3-24*Fy00*Fx0 | *x"4*Fx | 0A2*Fy0 | *Fx00+8*x*Fy00*Fx | 0*Fy0 I *Fx | I**Fy | 0A2-4*x**Fy00/3*Fx0 | *Fx I | *Fy | 0+
4*Fy00*Fx | 0A3*xA5*Fy | 0*Fx0 | +4*Fy00*Fx | 0A3*xA5*Fy | | *Fx00-36*Fy00/2*Fx | 0A2*x"4*Fx | 1A2-8*Fy00*Fx0 | A2*x"4*F
x| 0*Fy0 I*Fx | [ +36*Fy00/2*Fx | 0A2*xA3*Fx | 1 A2+ 1 6*Fy00/2*Fx | 0A3*xA3*Fx0 | -24*Fx0072*Fy0 | *x*4*Fy | | *Fy00*Fy10-3
2*Fy00*Fx00/2*x *Fx | 1*Fy0 I *Fx | 0-4*Fy00/2*Fx | 0A3*x"2*Fx0 | -8*Fx00*Fy0 | A2*xA4*Fy | |*Fx0 | *Fy | 0+20*Fy00/2*Fx
| 0A3*xA4*Fx00+ | 8*Fy00*Fx | 004*x 4*Fy0 | -32*Fy00*Fx | 0A4*x"3*Fy0 | +28*Fy00*Fx | 0A4*x"2*Fy0 | -4*Fy00"2*Fx | 0*Fx |
| A2*Fx00*x-48*Fy002*Fx | 0A3*xA3*Fx | |1 +32*Fy00A2*Fx 1 0A3*x"2*Fx | | -4*Fy00*Fx | 0" 4*xA5*Fy0 | +12*Fy00/2*Fx | 0A2*
xA5*Fx | [42+32*Fy00*Fx00”3*Fx | 0*Fy | I*x"3+12*Fx | 0*Fy00/A2*x"5*Fx0 | *Fy0 I *Fy | | +6*x*2*Fy00*Fx | | A2*Fy0 I *Fx00/
2-14*Fy0072*Fx | 07 3*x A 4*Fx0 | +32*%Fy00/A2*Fx | 0A3*xA4*Fx | | -1 4*x 4*Fy | | *Fy0 | *Fx0 | *Fx | 12*Fx 1 0-4*Fy00/2*Fx |03
*XA5FFx00- 1 4*xA2*Fx0022*Fx0 | *Fy | 1 A2*Fx | 0-20*x"2*Fy | 0*Fx0 | A2*Fy | 1*Fx00*Fx | 0+4*Fy00/2*Fx 1 0A2*Fx | | *Fx0 | *x
+2*Fy00/22*Fx | 0*Fx | 1A2*Fx0 I *x"2-8*Fy00/2*Fx | 0A3*xA5*Fx | |-10*Fy00A2*Fx | [ A3*x A 4*Fx00+4*Fy00"2*Fx | | A3*xA5*F
x00-40*Fx | 1*xA2*Fy00A2*Fx00*Fy | 0*Fy | | +12*Fy0Q | A2*xA5*Fx | 0A2*Fx00*Fx | 1-12*Fy0 | A2*xA5*Fx | 0A2*Fx0 | *Fx | | +2*F
y0 | A2*xA5%Fx | 00 4+8*Fy00*Fx0012*x 5*Fx | 0*Fy0 | *Fx | | -24*Fy00/2*Fx00*x 4*Fx | I*Fx0 I**Fx | 0-4*Fy00*Fx | | A4*xA5*F
yO0 | +4*xA2*Fx00/2*Fx | 1 A2*Fy0 | *Fy | 0+4*Fy00/2*Fx | 0 3*xA5*Fx0 | +40*Fy00*Fx | 0" 3*xA2*Fy | 0°*Fx00+8*Fx00/2*Fx | 0*
FyOO*Fy | I'*Fx | 1*x

+8*Fy00/2*Fx | | A3*xA3*Fx00+4*Fy0072*Fx | | *3*x"4*Fx0 | - | 6*x"3*Fx00*Fx0 | A2*Fy | [ A2*Fx | 0-2*x 4*Fy0 | A3*Fx0 | *Fx |
| *Fy 1 0+6*xA2*Fy00*Fx | | A2*Fy0 | *Fy | 072-8*Fy00/2*Fx | | A3*xA5*Fx 10+ 1 6*Fy00/22*Fx | | A3*x"4*Fx | 0- | 6*Fx00*Fy0 | *x*
4*Fy | | "2*Fx0 | *Fy00-8*Fy00/2*Fx I | A3*xA3*Fx | 0+8*Fy00/2*Fx00*xA5*Fx | 0*Fx0 I *Fx | | +8*Fy00*Fx00*x"5*Fx | 0A2*Fy0
| *Fx0 | +2*Fy00*Fx | 0*Fy | 0*Fx0 | A3*x"2+8*Fy00”3*Fx | 0*Fx | I *Fy0 | *x-24*Fy0 | A2*x"4*Fx | 0A2*Fx | 1 *2-40*Fx00*Fy | 0A2
*Fy00*Fx | 1*xA2*Fy0 | -12*Fy00A2*Fx | [ A2*x"5*Fx00*Fx | 0+4*Fx00*Fx | I*Fy | 0A2*Fy00/2- 1 2*Fy00/2*Fx | | A2*xA2*Fx | 0A
2-4*Fy00°2*Fx | 1 *3*xA5*Fx0 | -8*Fy00*Fx | | A2*xA4*Fy | 0*Fx0 | A2+ 1 2*Fy | I*xA5*Fx0 | A2*Fy0 | *Fx00*Fx | | -16*Fy | I *x5*F
X0 A 2*Fy0 I*Fx 1 0*Fx | 1 +20*Fy | 1*xA4*Fx0 | A2*Fy0 | *Fx00*Fx | 0+8*Fy0 | A2*x"3*Fx | 0A3*Fx0 | -2*Fx | 0A2*Fy | 0 2*Fy00/2-
24*Fy0 1 A2*xA3*Fx | 0A3*Fx | [ +8*xA3*Fy | 1*Fy0 | *Fx0 |1 A2*Fx 1022-10*Fy0 | A2*x A 4*Fx | 0A3*Fx0 | - | 8*Fy00*Fx | 0A3*x"4*Fy
| 1’"Fx00+ 1 6*Fy0 | A2*x A 4*Fx | 0A3*Fx00-6*x"2*Fy0 I *Fx0 I *Fx | I*Fy 10A3-12*Fy | [ *x"5*Fx0 [ A2*Fy0 | *Fx00*Fx | 0- | 2**Fy00
*Fx0072*Fx | 0A2*Fy0 | *x-24*Fy0 | A2*xA3*Fx | 0A3*Fx00+ |1 2*%Fy0 | A2*xA5*Fx | 0A2*Fx | 122-80*Fy00*Fx00/2*Fx | 0A2*Fy | 0*
xA2-12*Fy0 I’*x*Fx | 0A4*Fy00+ | 6*Fy0 | A2*x 2*Fx | 0A3*Fx00+24*Fy0 | A2*x *Fx | 0A3*Fx | | + | 6*Fy | | *x"5*Fx0 | A2*Fy00*
Fx10*Fx| 1-4*Fy01A2*xA5*%Fx | 0A3*Fx00+ | 2*Fx | [ *xA5*Fy0 1 A2*Fx0 | *Fy00*Fy | | +4*Fy0 | A2*xA5*Fx | 0A3*Fx0 | +4*FyQ | A2
XASFFx | I A3*%Fx00+ | 2%Fy00A2*Fx | 0A2*xA5*Fx00*Fx | |-8*Fy0 | A2*xA5*Fx | 0A3*Fx | I-8*Fy0 IA2*xA5*Fx | 1A3*Fx 10+ 16*x



Part>
Sth Degree Polynomial

+20*Fy00*Fx | 0A3*x"4*Fy | 0*Fx00-28*Fy00*Fx | 0A3*x"2*Fy | 0*Fx0 | + 1 2*Fy | I*x"5*Fx0 | *2*Fy00*Fx00*Fx 1 0+20*Fy | | *x

AFFx0 1 A2*Fy00*Fx00*Fx | 1-24*Fy | 1"xA4*Fx0 1 A2*Fy00*Fx 1 0*Fx | | +40*Fy | 0A2*Fx00”3*Fx | 0*x"2+8*Fx00*Fx | I *Fy | 0"

2*Fy00*Fy0 | *x- | 2*Fy | [*xA5*Fx0 | A2*Fy00*Fx00*Fx I | -26*Fy | 1*x"4*Fx0 | *2*Fy00*Fx00*Fx | 0-40*Fy | 0A2*Fx00/3*Fx | 0*
xA3-2xA4*Fy | I*Fy0 | A3*Fx0 | *Fx 1 0-2*x"2*Fx00/3*Fy | I"2*Fx | | -14*x 4*Fy | | "2*Fy0 | *Fx0 | *Fx I | *Fy 1 0-4*Fy 1 0A2*Fx00
A3FXA2*Fx | 1 +32*Fy | 0A2*Fx001 3*xA2*Fx0 | + | 2*Fx00*Fy | 1 A2*xA5*Fx | 0*Fy0 I *Fy | 0+64*Fx00*Fy | 0 2*x"4*Fx | 0*Fy00*F
yO | +16™Fy | 0A2*Fx00/A3*xA3*Fx | [-34*Fx | | *xA4*Fy00/2*Fx00*Fy0 | *Fy | | +8*Fx00*Fy0 | *x*5*Fy | 0A2*Fx0 | *Fy00- 1 4*Fy |

0/A2*Fx0073*x M*Fx | | -34*Fx00*Fy | 0A2*x A 4*Fx | I *Fy0 | *Fy | | +32*Fx00*Fy | | A2*x"4*Fx | 0*Fy00*Fy 1 0+32*Fy | | *x"3*Fx0
072*Fy | 0*FxO0 I *Fx | 1-48*Fy00*Fx | [ A2*xA3*Fy0 I*Fx 1022+ 1 6*Fy | [ *x"5*Fx00A2*Fy00*Fx | 0*Fx | | +12*Fy | I*xA5*Fx00/2*
FyOO*FxO I *Fx | 1-12*Fy | I*xA5*Fx0072*Fy00*FxO0 | *Fx | 0+20*Fy | 0A2*Fx00" 3*xA4*Fx | 0+72*Fx | 1*x"3*Fy00"2*Fx00*Fy |

O*Fy | I-12*Fy | I*xA5*Fx0072*Fy0 I **Fx0 | *Fx I | + | 8*Fy | 0*Fx00/4*x"4*Fy | | -24*Fx | | A2*x"3*Fy00*3*Fy | 0-32*Fy | 0*Fx00/
4*xA3*Fy | 1 +28*Fy | 0*Fx0074*x"2*Fy | | +40*Fx00*Fy | 0A2*xA4*Fx | I *Fy00*Fy I | +12*Fx| | *x"5*Fy00"2*Fx00*Fy0 I *Fy | -
36*Fy | 0A2*Fx00/2*x"4*Fx0 | A2+36™Fy | 0A2*Fx00A2*x A 3*Fx0 | A2+32*Fx | I*x"3*Fy00”2*Fx | 0*Fy0 I *Fy | | +4*Fy | 0*Fx00*
Fx [073*Fy00+ | 2*Fy | 1*xA5*Fx0072*Fy0 | **Fx0 I *Fx 10-16*Fy | I *xA5*Fx0072*Fy0 | *Fx 10*Fx I | -20*Fy | 0A2*Fx00/2*Fx 1 02
*xA2+ 1 0*Fy | 0A2*Fx00/2*Fx | 0A2*x

+20*Fy | 0A2*Fx00/2*Fx | 0A2*xA3+8*Fx | | A2*xA3*Fy00A3*Fy | |-34*Fy | I"*x"4*Fx00/2*Fy00*Fx0 I *Fx | | +72*Fx00*Fy | 02
*xA3*Fx | 1*Fy00*FyO0 | -8*Fy | 0A2*Fx0 | A3*x"3*Fx00-32*Fx00*Fy | 0*Fy00/A2*Fx0 | *x"2*Fy | | +8*Fy | 0A2*Fx0 | A3*x"3*Fx | 0-
4*Fy | O*Fx0 | AM*xA5*Fy | | +40*Fy | 1*x*4*Fx0072*Fy00*Fx0 | *Fx | 0+32*Fy | I**x"3*Fx0072*Fy0 I *Fx0 I *Fx 1 0+24*Fx | 1 A2*x
A4FFy00A3*Fy0 | +28%Fy | | *x 4*Fx0022*Fy0 | *Fx0 I *Fx | 1-34*Fy | 1*x"4*Fx00/2*Fy0 | *Fx0 | *Fx | 0-48*Fy | | *x"3*Fx00/2*F
yO I'*Fx 1 O*Fx | | +16*Fx00*Fy | 0A2*xA5*Fx | I *Fy00*FyO0 | -8*Fy | 0A2*Fx00/3*xA5*Fx0 | +8*Fy0 | *xA5*Fx | 0A2*Fy | |*Fx00/2

+8*Fy0 I *xA5*Fx 1 0A2*Fy | *Fx0 1 A2+4*Fy | 0A2*Fx00/ 3*xA5*Fx | | +2*Fy00*Fx | 0*Fy | 0*Fx0 | *Fx00"2+4*Fy00*Fx | | A3*x"5
*Fy 1 0*Fx00-6*Fy00*Fx | 1 A3*x"4*Fy | 0*Fx00-24*Fx00*Fy | | A2*x A 4*Fx | | *Fy00*FyO0 | -4*Fy | 0A2*Fx00A3*x"5*Fx | 0-4*Fy | O
*Fx0074*xA5*Fy | | +48*Fx | I*x"4*Fy0022*Fx0 I *Fy | 0*Fy | | +48*Fy | I**x"4*Fx0022*FyO0 I**Fx | 0*Fx | | + | 2*Fx00*Fy | 0A2*xA
5%Fx | 1*Fy0 [ *Fy | 1+12*Fy | 0A2*Fx00/2*xA5*Fx0 | A2+32*Fy | 0A2*Fx00/ 3*x " *Fx0 | - | 2*Fx | 0*Fy00/2*x"5*Fx0 | *Fy0 | *Fy |
0+28*Fx | I*x**Fy00/2*Fx0 | *Fy0 I *Fy | 1-48*Fy | 0A2*Fx00/3*xA3*Fx0 | -56*Fy | | *x*4*Fx00/22*Fy00*Fx | 0*Fx | | +24*Fy00
*Ex | [A2%xA3*Fy | 0*Fx00/2-24*Fy00*Fx | | A2*x"4*Fy | 0*Fx0072-56*Fx | | *x"4*Fy00/2*Fx00*Fy | 0*Fy | | +8*x2*Fy00*Fx |

0*FyO 1 *Fx | 1*Fx00*Fx0 I +16*Fx| | A2*xA2*Fy00/3*Fy | 0+24*Fy | 0*Fx0 | A2*xA5*Fy | | *Fx00*Fx | 0-2*Fy00/3*Fx | 0*Fy | 0*Fx
01+32*%Fy 1 0*Fx0 1 A2*x A 4*Fy | I*Fx00*Fx | | +32*Fy | | *x"3*Fx00"2*Fy00*Fx0 | *Fx | | +4*Fx0072*Fy | 0" 3*Fy00+4*Fy00/2*F
x| 0*Fy | 0A2*Fx0 | + | 0*Fx 10A2*Fy00/4*x- | 6*Fy | 0Fx0 | A2*xA5*Fy00*Fx | O*Fx | 1-2*Fx | 0A2*Fy0 | A 4*x 4+ | 2*Fx | | *xA5*Fy
O I A)DEREVOOKREVOOXREY | D) XEVvOOA) XEvD | XFEv | OADXEv 1 O4+40KFEyv | OKEvOOA) RV AAXEVOOXREVO | XEv ] | +04XEvO0OXEv | OA)XEV | | kv AD)



Parté
5th Degree Polynomial

*Fx 10*Fy0 I -24*Fx | 1 A2*x"4*Fy00/2*Fy0 | A2-4*FXO0*Fx0 | *Fy | 0" 3*Fy00+2*Fx00*Fx0 I *Fy | 0A2*Fy00/2+2*Fx00/2*Fy | 0*
Fy | I*Fx10/2-16™Fx 1 0*Fy00/2*xA5*Fx00*Fy | 0*Fy | | +20*Fx | I*x"4*Fy0 | A2*Fx00*Fy00*Fy | | +12*Fx | [ A2*x"3*Fy00/4-26
*Fy 1 0*Fx0 | A2*x*4*Fy0 I **Fx00*Fx | 0- | 2*Fy | 0*Fx0 | A2*xA5*Fy0 I *Fx00*Fx | | +16*Fx00*Fy | | A2*xA5*Fx | I**Fy00*Fy01-26*

Fx00*Fy | 1 A2*xA4*Fx | 0*Fy0 | *Fy | 0+2*Fx | | A2*xA5*Fy00/4+ | 2*Fy | 0*Fx0 | A2*x"5*Fy0 | *Fx00*Fx | 0-4*Fx00/3*Fy | O*Fy | |
*Fx 10-2*Fx00/22*Fy 1 0A2*Fy | I *Fy00+2*Fx0022*Fy | 0*Fy | I**Fy00/2+2*Fy00*Fx | 0A2*FyO0 I *Fy | 0A2-8*Fy0 | *x"5*Fx | 0A2*Fy
| 0*Fx00/2-8*Fy0 | A2*x"A*Fx | 07 4+20*Fy | 0*Fx0 | A2*x"4*Fy0 | *Fx00*Fx | | -24*Fy | 0*Fx0 | A2*x"4*Fy0 | *Fx | 0*Fx | | -4*Fy0

0*Fx 1 0A3*Fy0 I*Fx00- 1 2*Fx | I *xA5*Fy0 | A2*Fx00*Fy00*Fy | I -2*Fy00/2*Fx 107 2*FyO0 I *Fy | 0+32*Fx00*Fy | 0A2*Fy | | *xA3*F
x| I*Fy0 | - 10*Fx00/2*Fy | 0A4*x"4+ | 0*Fx00/2*Fy | 0 4*x

+2*Fy00*Fx | 0A2*Fy0 | *Fx0072+2*Fy00/2*Fx | 0*Fx | I*Fy 1 072+ 1 6*Fy | 0*Fx0 | A2*xA5*Fy0 | *Fx 1 0*Fx | I -24*Fx | | A2*x3*F

y00A3*Fy0 | +16™Fy | 0*Fx0 | A2*xA3*Fy0 I *Fx00*Fx 1 0-68*Fy | 0*Fx0 | A2*xA4*Fy | | *Fx00*Fx | 0+ | 2*Fx | 0*Fy00/2*x 5*Fx00*
FyO | *Fy 10-2*Fy0072*Fx 1 0A2*Fx | I *Fx00+32*Fy00*Fx | 03*x"3*Fy | 0*FxO0 | - | 8*Fy00*Fx | 0A3*x"4*Fy | 0*Fx0 | -4*Fy00"3*F
x| 0*Fx | I*Fy 10-24*Fy | 0*Fx0 | A2*xA5*Fy | *Fx00*Fx I 1 +32*Fy00*Fx | 0A3*x"3*Fy | | *Fx00+2*Fy00"2*Fx | 0*Fx | I**Fx00/2-
2*Fx0072*Fy | 1 "M*x"4-48*Fx | | *x"3*Fy00/2*Fx0 I *Fy | 0*Fy | 1-2*Fy00*Fx | 0*Fy | 0A3*Fx0 | -2*Fy00*Fx | 0A3*Fy | 0*Fx0 | -2*

Fx00/2*Fy | 0A2*Fy00/2+6*x *Fy | | A2*Fx0 | A2*Fx 1 0*Fx | I -12*Fx00*Fy | | A2*xA5*Fx | 0*Fy00*Fy | 0-2*Fx00”3*Fx | 0*FyO |

*Fy 10+2*Fx00*Fx0 | *Fy | 0A2*Fx | 0A2-2*Fx00*Fx 1 0A3*Fy00*Fy | | +4*Fx0072*Fx | 0A2*Fy00*Fy | I -10*x"2*Fy0 I *Fx0 I*Fx| |

*Fy 10*Fx 1022-16*Fx | 1*xA5*Fy0 | A2*Fx0 | *Fy | 0*Fy | | -2*Fx00/3*Fx | 0*Fy00*Fy | | -2*Fx00*Fx | 0*Fy00/3*Fy | | +4*Fx |0/2*
FyO | A3*xA5*Fy 1 0-32*Fy0 | *xA2*Fx 1 0A2*Fy | | *Fx00/2-2*Fx00*Fx | 0*Fy0 | *Fy | 0A3-2*Fx00*Fx | 0*3*Fy0 | *Fy | 0- | 2*Fx | 0A2
*Fy0 1 A2%xA2*Fy0072+20*Fx | I*x*4*Fy0 | 22*Fx0 | *Fy | 0*Fy00+20*Fx | 0A2*Fy00/4*x/3+4*Fx00/2*Fx | 0A2*Fy0 | *Fy | 0-8*F
x 1 0A2*Fy0 | A3*xA5*Fy00+4*Fy0 | *xA5*Fx | 0A3*Fy | 1*Fx0 | +20*FyO0 I’*xA4*Fx | | A2*Fy | 0*Fx00"2+4*Fy | 0A2*Fx00/3*Fx | O-

20*Fy00*Fx | 0A3*x*Fy | 0*Fx00- | 6*Fy0 I *x"4*Fx | 0A2*Fy | I**Fx01/2+20*Fy00"2*Fx | 04*x/3-2*Fx00"3*Fx I | *Fy | 0**Fy0O0-

| 6*Fy0 | *x"3*Fx | 0A2*Fy | 0*Fx0 | A2+4*Fy00/2*Fx00*Fx | 0A3+24*Fx | | *x"2*Fy00/2*Fx00*FyO0 I **Fy | 0-46*Fx00*Fy | 0A2*xA
4*Fx | 0*Fy00*Fy | | +12*Fx0 | A2*x"3*Fy | 0" 4+40*Fy00*Fx00/3*Fx | 0*Fy | 0*x"2-24*Fy00*Fx | 0A3*xA3*Fy | I*Fx0 | +8*x"3*F
y | 1A2*Fy0 I*Fx0 I *Fx | 0*Fy00+2*x"4*Fy00*Fx | 1A2*Fy0 I*Fy | 122-10*Fx1022*Fy0 | A3*x A 4*Fy | 0+8*x"2*Fx00”3*Fx0 | *Fy |

| A2+ 1 2%xA3*Fx0072*Fx0 | A2*Fy | [ A2+8*x *Fy00*Fx | 1 A2*Fy0 123+ 16*Fy00*Fx 1 0A3*xA5*Fy0 I *Fx | | -32*Fx00*Fy00/2*F

y 1 0*xA4*Fx0 I *Fy | | +40*Fy | 17A2*x"3*Fx0072*Fx0 | *Fx 10+20*Fy | | A2*x"4*Fx00"2*Fx0 I *Fx | | +24*Fy00*Fx00*Fx | 0A3*Fy
01*x

+28*Fy00*Fx0072*Fx | 0A2*Fy0 | *x*2+8*Fy00*Fx | 0A2*x"5*Fy | 0*Fx0 | A2-8*Fy00*Fx | 0A2*x 5*Fy | | *Fx00/2-4*Fx | | A2*xA
5*Fy0072*Fy | 0*Fy | | +24*Fy00/2*Fx00*Fx | 0*Fx | | A2*x/2-48%*Fy00/2*Fx00*Fx | 0*Fx | | A2*xA3-4*Fx | 0**Fy00A2*x"5*Fy | O

A2¥Fx | | +48*Fy0 1 *x"3*Fx 1 02 2*Fy | |*Fx00/2-32*Fy0 | *xA4*Fx | 0A2*Fy | | *Fx0072-16*Fx | | A2*x"3*Fy | 0A2*Fy00*Fy0Q | -8*
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*Ex | [A2%xA3*Fy | 0*Fy00A2*Fy | 1 +10*Fx | [ A2*x"4*Fy | 0*Fy00~2*Fy | | +14*Fx| | A2*x"4*Fy | 0A2*Fy00*Fy0 | -8*Fy00*Fx | | A
2*x"2*Fy | 0*Fx0072-2*Fy00/2*Fx0072*Fx | 042+ 1 2*Fx | I *x*Fy | 0A3*Fy00*Fx00-4*Fx | | A2*xA5*Fy0 1 A2*Fy | I*Fy | 0+8*Fx |

0A2*Fy0 I A3%xA3*Fy 1 0-4*Fx | 1A2*xA5*Fy0 I *Fy | 1 A2*Fy00-8*Fy0 | *xA5*Fx | [ A2*Fy | 0*Fx0 [ A2-4*Fx | 1 A2*xA5*Fy0 | *Fy 10/2
*Fy00+ | 6*Fx | 1*xA2*FyO0 I *Fy | 0A3*Fx00+4*x"2*Fx00*Fx | I *Fy0 |1 A2*Fy | 0A2-4*Fx | 0*Fy00/2*xA5*Fy | | A2*Fx | | -32*Fy00A
2*¥Fx0072*Fx | 0*xA3*Fx | | -4*Fx 1022*Fy0 | *xA5*Fy | 0A2*Fy00-4*Fx | 0*Fy0 | A2*xA5*Fy | 0A2*Fx | |-8*xA3*Fx00*Fx0 | *Fy | | A
3*Fy00-2*x"4*Fy | | A3*Fy0 | *Fx0 | *Fx | 0+8*x/A3*Fy0 | A2*Fx | | *Fx | 0*Fy | 0*Fy I | -2*Fy00*2*Fx | 0A2*Fx00*FxO0 | + | 4*Fx | 0*F
y0 [ A2xA4*Fy | 0A2*Fx | | +12*%Fx 1 0*Fy0 | *x*Fy | 0A3*Fx00+ | 4*Fx | 0A2*Fy00/2*Fy | 0*x"4*Fy | | +4*Fx 1022*Fy0 | A3*x 4*Fy

| 1+16™Fx1022*Fy0 | A3*x"4*Fy00+ | 8*Fx | 0*Fy00/2*Fy | 0A2*x 4*Fx | | +6*Fx | 0*Fy00/2*Fy | | A2*x"4*Fx | | -4*Fx 1 072*Fy0

0A2*xA5*Fy | 1*Fy | 0+8*xA2*Fy00/A3*Fx | IA2*Fy0 | + [ 2*xA3*Fy0 | A2*Fx | 1 A2*Fx 1 022+ | 8*Fx | 0A2*Fy0 I *x"4*Fy | 0 2*Fy00-

| 6Fx | 0*Fy0 [ A2*xA3*Fy | 0A2*Fx | | +16*Fy0 I'"*x"2*Fx 1 0A3*Fy | I'*Fx00- | 0*xA2*Fy | I'*Fy00*Fx0 | *Fx | |*Fy 1 0A2-4*Fx00*Fx

| 0A2*FyO I*Fy | O*Fx | 1*x

+4*Fy | [*xA5*Fx00/3*Fy00*Fx | 0-4*Fy | I*x"A5*Fx00"3*Fy00*Fx | | +10*Fy | 0A2*Fx00/4*x-2*Fy00"2*Fx | 0A2*x*Fx0 [ A2-16
*FyO I'*xA*Fx | 1A2*%Fy | I*Fx0072-4*Fx | 0*FyQ I A2*xAS5*Fy | IA2*%Fx | | -8*xA3*Fy | | *Fy00*Fx0 | *Fx | 1A2*Fx | 0+8*x"2*Fy00*F
x| 0*FyO I*Fx | I*Fy 10*Fy | 1 +2*xA5*Fy | | A2*Fx0 | A2*Fx | [ A2+ 1 6*Fx0 | *xA2*Fy00/3*Fy | | *Fx |0+ | 0*Fx |1 0A2*FyQ | A2*x A 4*F
y | I*Fy 10+6™Fx1072*Fy0 | *x A 4*Fy | | A\2*Fy00- | 8*Fy0 | *x"4*Fx | 0 3*Fy | 0*Fx00+2*Fy00/2*Fx | 0" 4*xA5-4*Fx | 0A2*Fy0 | *x
AS5*Fy | 1A2*Fy00+8*Fy00/2*Fx | | A2*xA3*Fx0 I *Fx 1 0+40*Fy00A2*Fx | | A2*x A 4*Fx00*Fx | 0-4*Fx 10A2*Fy0 | A2*xA5*Fy | |*Fy
| 0-8*Fx | 0A2*Fy0 | A2*xA3*Fy | 1*Fy | 0+ | 6*Fy0 | *xA4*Fx | 0A3*Fy | | *Fx00- | 4*Fy0 | *x"4*Fx | 0A3*Fy | 1*Fx01-8*xA3*FyQ|A2*
FxO 1 *Fx | I*Fy | 0*Fy00-4*xA5*Fy | | A3*Fx0 | A2*Fy0 | - | 4*xA2*Fy | 0A2*Fx0 | A2*Fy | 1**Fy00- | 0*xA2*Fy | | *Fy0 | *Fx0 | *Fx | 0*F
y00/2+2*x"4*Fy0 | "4*Fx | 1**Fx 10-24*Fy00*Fx | 0 2*xA5*Fy0 I *Fx | | A2-24*Fy00*Fx | 0"3*xA3*Fy0 | *Fx0 | -4*Fy00*Fx | | A3*

xA5*Fy | I'*Fx00+24*Fx | 0*Fy0 | A2*xA5*Fx | 1*Fy00*Fy | 0+2*x 4*Fy00*Fx | | *"4*Fy0 | -12*Fx | I*"*xA5*Fy0 | A*2*Fx0 | *Fy00*Fy |

0+ [2*Fy | I*x*Fx00*Fx | 0A3*Fy00-8*x/A3*Fy | | A2*Fy0 | *Fx0 | *Fx 1 0*Fy | 0-2*Fx00*Fx | | *Fy | 0*Fy00*Fy0 | A2*x"2-68*Fx | 0*F
yO | A2%xA4*Fx | I*Fy00*Fy | 0+ 1 6*Fx00*Fy | 1 A2*xA3*Fx 1 0*Fy0 | *Fy 1 0-38*Fy0 | A2*xA4*Fx 1 0A2*Fx00*Fx | | +10*Fy | | A2*x"4
*Fx0022*%Fx | 0*Fx | 1-4*Fy | | A2*xA5*Fx0 | *Fx | 1 A2*Fx00+88*Fx | 0*Fy0012*x 4*Fx | | *Fy0 | *Fy | 0+2*Fx00*Fx |1 0*Fy0 | *Fy 10
*Fy00/2-8*Fy | 1 A2*xA3*Fx00/A2*Fx | I *Fx10-8*Fy00*Fx | | A2*xA5*Fy | I*Fx0 | A2-4*Fx 1 0A2*Fy0 | A3*xA5*Fy | 1-24*Fy0 |*x"3
*Fx10A3*Fy | 0%Fx0 | -2*Fx00*Fx | 1*Fy | 0*Fy00*Fx0 | A2*xA2+ | 2*xA3*Fy | 0A2*Fx0 | A2*Fy | 1 A2+6*xA2*Fy | 0*Fx0 | A2*Fy | | *F
y00/2-2%xA4*Fx00*Fx | I*Fy0 1 A3*Fy | |-10*x"2*Fx00*Fx | I*Fy0 I*Fy | I**Fy | 022-4*x"4*Fx00*Fx0 | *Fy | | A3*Fy01 -8*x/3*Fy

| 1’*FyQ | A2*Fx0 | *Fx | 0*Fy00+8*xA3*Fy | 0*Fx0 | A2*Fy | I**Fy00*Fy0 | -8*Fx | 0A2*Fy0 | A3*x"3*Fy00-24*Fy0 | *x"3*Fx | 0A3*Fy
| 1'*Fx00-8*Fy0 | A2*xA2*Fx 1074-4*Fy | | A2*xA5*Fx0072*Fx | 0*Fx | 1-2*%xA2*Fy | 0A2*Fx0 | A3*Fx 10-8*x"3*Fx00*Fx | | *2*Fy0
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FyOO*Fx | 1 A3*xA5*Fy | I *Fx0 | +4*Fy00*Fx | | A3*xA4*Fy | [ *Fx00- | 6*Fy | | A2*xA3*Fx0 | *Fx | 0A2*Fx00-4*Fx | 0*FyQ | A4*xA5*
Fx | 1-38*Fy | | A2*x"4*Fx0072*Fx0 | *Fx 1 0+ 1 0*Fx0 | A2*x"4*Fy | 0A2*Fy00*Fy0 | + | 2*Fx0 | *x*Fy | 0*Fy00/ 3*Fx | 0-4*Fx0 | A2*
xA5*Fy0 1A2*Fy | 1*Fy 1 0-4*Fx0 1 A2*xA5*Fy0 | *Fy | | A2*Fy00-4*Fx0 | A2*xA5*Fy0 | *Fy | 0A2*Fy00-4*Fx0 | A2*x"5*Fy00/2*Fy |
0*Fy I 1-32*Fy00*Fx00/2*Fx | 0A2*Fy0 I *x"3-20*x"2*Fy0 | A2*Fx | I*Fx | 0*Fy | 0*Fy00+ | 4*Fx0 | A2*x*4*Fy | 0*Fy00A2*Fy | | -1
6*Fx0 1 72*xA3*Fy | 0*Fy00/A2*Fy | 1-8*x*3*Fx00*FxO0 I**Fy | | A2*Fy0 I *Fy | 0+8*x"2*Fx00*Fx0 | *Fy | 0*Fy | I**Fy00*FyO0 | -4*Fx0
0*Fy00/2*xA5*Fy | 0A2*Fx0 | -40*Fy00*Fx | 0A3*x"3*Fy | 0*Fx00-8*Fx0 | A2*x"3*Fy | 0A2*Fy00*Fy0 | - | 4*x*4*Fy | | *Fy0 | *Fx0
| A2*Fx | 1*Fx00+ 1 2*Fx00*Fy00/3*Fy | | *x*Fx | 0-4*Fx0012*Fy00A2*xA5*Fy | I*Fy | 0-56*Fy00*Fx | 07 3*x 4*Fy0 | *Fx | | -4*Fx
00*Fy00A2*xA5*Fy | 1 A2*Fx0 | -4*Fx0072*FyO0 | *x5*Fy | 0A2*Fy00-4*Fx00*Fy0 | A2*xA5*Fy | 0A2*Fx0 | + | 4*Fx00*Fy00/2*Fy

| 1A2#xA*¥FxO | +4*xA2*¥Fx00*Fx | I*Fy0072*Fy | 1A2-4*Fy | 1 A2*xA5*Fx0 I *Fx | 0A2*Fx00+8*x"3*Fy00*Fx | | A2*Fy0 | *Fx00*F
X0 1-24*Fy00*Fx | 02 2*x A 4*Fy | 0*Fx0 | A2-48*Fx00*Fy | 0A2*x"3*Fx | 0*Fy0 I *Fy | | -4*Fx | I*xA5*Fy0 | A3*Fx00*Fy | 0+4*Fx| | *
xA5*Fy0 1 A3*Fx0 I *Fy | 0+28*Fx | [ A2*x"4*Fy0 | A2*Fy | 0*Fy00- | 2*Fx | [ A2*xA5*Fy0Q | A2*Fy00*Fy | 0-24*Fy00/2*Fx | 0A2*x"3
*ExO I*Fx | 1+ 12*Fx | 1A2*xA5%Fy0 | A2*¥Fy00*Fy | | -16*Fx | 1*xA3*Fy0 | A2*Fx00*Fy | 0A2- 1 6*Fx00*Fy00A2*Fy | 1 A2*x"3*FxO0|
-24*Fy00*Fx0072*Fx | 0A2*Fy | 1*x-8*Fx | I *xA5*Fy0 | A2*Fx00*Fy | [ A2-8*Fx | I *x5*Fy0 | A2*Fx00*Fy | 0A2+4*Fx | | *x"5*Fy0
| A3*Fx00*Fy | | +4*Fx | 1*xA4*Fy0 | A3*Fx00*Fy | 0-4*Fx | 0A2*Fy00/3*xA5*Fy | 0+4*Fx | 0A2*Fy00/3*xA5*Fy | | -4*Fy0 | *xA5%*
Fx [07A3*Fy | 1*Fx00- 1 6*Fx00*Fy | | A2*xA5*Fx | 0*Fy00*FyO0 | +4*Fx | 1*x"5*Fy00”3*Fx00*Fy | 0+4*Fx | 1*x5*Fy00”3*FxO0 | *F
y | 1-4*Fx 1 [*xA5*Fy00A3*Fx0 | *Fy | 0+ 1 6*Fy0 | *x4*Fx 1 0A3*Fy | 0*Fx0 | + | 6*Fy0 I "*x"3*Fx 1 0A3*Fy | I**Fx0 | +2*Fy00*2*Fx |

| A4¥xAS5-1 2%Fx | | A2*xA5*Fy00A2*Fy0 | *Fy | | +12*Fx | | A2*xA5*Fy00~2*Fy0 | *Fy | 0+20*Fx | | *xA4*Fy0 | A2*Fx00*Fy | 0A2+ |
4*Fx0072*Fy0 | *x"4*Fy | 0A2*Fy00+6*Fx00*Fy0 | A2*x 4*Fy | 0" 2*Fx0 | + | 8%*Fx00/2*Fy00"2*Fy | 0*x"4*Fy | | + | 8*Fx00*Fy0
072*Fy | 0A2*xA4*Fx0 | + 1 6*Fx | I*x5*Fy00/2*Fx00*Fy | 0*Fy | 1-48*Fx00*Fy | 0A2*xA3*Fx | | *Fy00*Fy | | -8*Fx | I*x"5*Fy00
A2*¥Fx00*Fy | 1A2-12*Fx00*Fy | 0A2*xA5*Fx | 0*Fy0 I *Fy | | -4*Fx | 1*xA5*Fy00/3*Fx00*Fy | | -8*Fx | 072*Fy00/3*xA5*Fy0 | +2*
x*Fy00/A2*Fx | | A2*Fx0072+ 1 0*Fx00/A2*Fy0 | *x 4*Fy | | A2*Fy00+6*Fx00/2*Fy0 | A2*x"4*Fy | 1*Fy | 0-4*Fx00/2*Fy0 | *xA5*F
y | 172*Fy00+8*Fx00*Fy0 | A2*xA5*Fy | | *Fx0 | *Fy | 0-4*Fx00/2*Fy0 | A2*xA5*Fy | | *Fy | 0-4*Fx00*Fy0 | A2*xA5*Fy | | A2*Fx0 -
2*Fx00*Fx | 0*Fy00*Fy | 1*Fy0 | A2*x"2-4*x*Fy00*Fx | 0A3*Fy | I *Fx0 I -4*x*Fy0 | A2*Fx | 0A3*Fx00+ | 2*Fx00*Fy | | A2*x"5*Fx
| 1'*Fy00*Fy | 0-8*Fx00”2*Fy0 | *xA3*Fy | | A2*Fy00+2*x"4*Fx00*Fx0 | *Fy | | *4+8*Fx00*Fx 1022*Fy0 | *Fy | 0*Fx0 | *x-2*Fx00
*Fx 10*Fy0 I *Fy | 0FFx0 | A2#xA2+2*xA2*Fy | 0A2*Fx0 | A2*Fx | 0*Fx | | +8*xA5*Fy | I*Fy0 I*Fx0 | A2*Fx | | A2-2%xA2*Fy0 | A3*Fx |
072*Fy 10-32*Fx | 0*Fy | 0*Fy00*Fx | 1*x"3*Fy0 | *Fy | | + | 4*Fy | | A2*x"4*Fx0 | *Fx | 0A2*Fx00-4*Fy | 1 A2*x"5*Fx01*2*Fx | 0*F
x | 1-64*Fx10*Fy | 0*Fy00*FxO0 | *x*3*Fy0 | *Fy | 1-32*Fx 10*Fy | 0*Fy00*Fx00*Fy0 | *xA2*Fy | I-16*x"3*Fy | 1**Fy0 | *Fx0 I*Fx | |
*Fy 1072- 1 0*x A 4*Fy 1 0*Fx0 1 A2*Fy | | A2*Fy0 | -1 2*Fx00*Fy | 0A2*Fy00/2*Fx0 | *x+28*Fx00*Fy | 0A2*Fy00/2*Fx0 | *x"2-32*
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You got the idea ...



Filtering = Remove Singularities
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Results

Granular flow: shear band

Original Smoothed Reconstructed

Data: Bordignon, A.
(Dept. of Mathematics, PUC - Rio)
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Impinging plate
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Results

Topology-Aware Vector Field Editing O MO visualization

=

vf size
poy sposa[ T 3
sine sorsity[ 70 3]
shoe min size[3 3]
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Limitations

- Detection of singularities is only done locally;
- The technique works on a structured grid;
- Large-scale denoising may displace the location of the singularity.
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