
all vertices in . We simulate simplicity to justify
this assumption computationally [8].

In a triangulation, the natural concept of a neighborhood
of a vertex is the star, , that consists of together with
the edges and triangles that share as a vertex. Formally,

, where is short for being
a face of . Since all vertices have different heights, each
edge and triangle has a unique lowest and a unique highest
vertex. Following Banchoff [2], we use this to dene the
lower and upper stars of ,

These subsets of the star contain the simplices that have as
their highest or their lowest vertex. We may partition into
a collection of either subsets, .

We may also use the lower and upper stars to classify a
vertex as regular or critical. We dene a wedge as a contigu-
ous section of that begins and ends with an edge. As
shown in Figure 2, the lower star either contains the entire
star or some number of wedges, and the same is true
for the upper star. If , then and is a

maximum regular saddle monkey saddle

Figure 2: The light shaded lower wedges are connected by white
triangles to the dark shaded upper wedges.

maximum. Symmetrically, if , then and
is a minimum. Otherwise, is regular if , a (simple)

saddle if , and a -fold or multiple saddle if . A
2-fold saddle is often called a monkey saddle.

Multiple saddles. We can unfold a -fold saddle into two
saddles of multiplicity with by the
following procedure. We split a wedge of (through a tri-
angle, if necessary), and similarly split a non-adjacent wedge
of . The new number of (lower and upper) wedges is

, as required. By repeating
this process, we eventually arrive at simple saddles. We
place these saddles at the same height as the -saddle they
represent, and simulate perturbation. The combinatorial pro-
cess is ambiguous, but for our purposes, it is sufcient to
pick an arbitrary unfolding from the set of possibilities. For
a monkey saddle, there are three ways to minimally unfold,
as shown in Figure 3.

Merging and forking. The concept of an integral line for a
PL function is not well dened. Instead, we construct mono-

Figure 3: A monkey saddle may be unfolded into two simple sad-
dles in three different ways. If a wedge consists of a single edge,
this edge unfolds into two copies.

tonic curves that never cross. Such curves can merge to-
gether and fork after a while. Moreover, it is possible for
two curves to alternate between merging and forking an ar-
bitrary number of times. To resolve this, when two curves
merge, we pretend that they maintain an innitesimal sepa-
ration, running side by side without crossing. Figure 4 illus-

Figure 4: Merging and forking PL curves and their corresponding
smooth ow pictures.

trates the two PL artifacts and the corresponding simulated
smooth resolution. The computational simulation of disjoint
integral lines is delicate and described in Section 4.

Non-transversal intersections. The standard example in
Morse theory is the height function over a torus standing on
its side. The lowest and highest points of the inner ring are
the only saddles, as shown in Figure 5. Both the unstable

Figure 5: The unstable 1-manifold of the lower saddle approaches
the upper saddle.

1-manifold of the lower saddle and the stable 1-manifold of
the upper saddle follow the inner ring, so they overlap in
two open half-circles. Generically, such non-transversal in-
tersections do not happen. The characteristic property of a
non-transversal intersection is that the unstable 1-manifold
of one saddle approaches another saddle, and vice versa. An
arbitrarily small perturbation of the height function sufces
to make the two 1-manifolds miss the other saddles and ap-
proach a maximum and a minimum without meeting each
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