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Abstract

Marching Cubes is the reference method when constructing the isosurface of
a scalar field f sampled over a grid is the task at hand. After the original
publication, numerous modifications and extensions of the method have been
published. The majority of these modifications focuses mainly on variations
to the shape of the cells of the grid, the dimension, or even, the number of
categories used to classify the vertices of the grid (e.g., positive, negative,
and zero). In this thesis, we address the problem in dimensions three and
four. In dimension three, one of our main goals is to construct a much more
complete case description based on linear interpolation, and consequently
a better algorithm. To achieve this, we need to solve a primary problem:
the classification of all the solutions of the equation f(x,y,z) = 0, where
f is trilinear function. Once all the solutions are obtained and visualized,
we are able to provide all the intersections of these solutions with a cube.
Such intersections allow us to know all the possible formats (or portions
of surface) that the solutions above describe within the cube. The correct
list of all configurations with its respective surface naturally leads to an
improvement of the correctness of the surface generation. Then, from the
classification obtained in dimension three and the extension of the main ideas
and results, we achieve to explore some aspects of the problem in dimension
four. In this regard, two main contributions are presented. The first is a
coarse classification of all the solutions of the equation f(x,y, z,t) = 0, where
f is a quadri-linear function. The second consists of a primary marching
hypercubes algorithm restrited to configurations not presenting null vertices
nor internal ambiguities.
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Resumo

Marching Cubes é a metodologia de referéncia quando o problema requer a vi-
sualizacao da superficie de nivel de um campo escalar amostrado nos vértices
de um reticulado. Depois da publicacao do algoritmo original, muitas mod-
ificacoes e extencoes tém sido reportadas na literatura. A grande maioria
delas tem estado focada em variagoes na dimensao e forma das células do
reticulado, ou inclusive, no nimero de categorias usadas para classificar seus
vétices, por exemplo, positivo, negativo e nulo. Neste trabalho, se estuda
o problema em dimensoes trés e quatro. Em dimensao trés, nosso princi-
pal objetivo é descrever os casos possiveis, de modo muito mais detalhado
e especifico, quando interpolagao linear é usada, e como consequéncia obter
um algoritmo muito mais robusto e eficiente. Para tal, nés temos que re-
solver um problema primario: a classificacao de todas as solucoes da equacao
f(z,y,2) = 0, onde f é uma funcado trilinear. De posse de tais solugoes,
noés podemos descrever todas as possiveis porgoes de superficies que podem
ser desenhadas dentro de um cubo a partir de uma funcao trilinear. A lista
de todas as configuracoes de sinais dados aos vértices do cubo junto com a
sua respectiva porcao de superficie separando os vértices com diferente sinal
conduze a uma melhora substancial no processo de geracao da isosuperfcie.
Baseados nos resultados obtidos em dimensao trés e estendendo as principais
ideias da filosofia adotada, nés comegamos o estudo em dimensao quatro.
Duas importantes contribuicoes sao exibidas. A primeira delas consiste de
uma classificagao inicial das solugoes da equagao f(z,y,z,t) = 0, onde f é
uma funcao de interpolacao linear . A segunda é a introducao de um algo-
ritmo primario que nao trata nem com as ambiguidades internas nem com
os vértices nulos.
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Introduction

Level surface extractors and implicit surface tilers have facilitated access
to many types of data including, but not limited to medical images, phys-
ical simulations, 3D reconstruction, geological and petroleum exploration.
Among all techniques that have been reported in literature, Marching Cubes
is the most referenced methodology. The purpose of the algorithms that are
based on this philosophy is to produce a level (hyper)surface S of a scalar
function f : R™ — R, namely the set of those points in R™ that satisfy
the equation f(z1,x,...,2,) = ¢, for certain real constant ¢. The original
Marching Cubes algorithm was introduced by Lorensen and Cline in 1987,
[1], for the case in that f:R?® — R. Roughly speaking, the algorithm works
as following:

1. The input of the algorithm is a signed cuberille grid

G = {(Uijkasg(f(vz‘jk))) DUk = ($i7yj72k)}
obtained by sampling f on the points v;;;’s, 1 <7 < p, 1 < j < gq,
1 < k < r. Here, sg denotes the sign function.

2. The algorithm processes one cube at a time and uses linear interpola-
tion to determine whether S intersects an edge. In this way the algo-
rithm yields an approximation of the portion of S contained in each
cube of G and produces a global result. The trick here is to match
each cube to a representative case via a lookup table which contains
the solution for each possible configuration.

This approach relies heavily on the lookup table. Frequently, the lookup
table splits into three tables. The first table stores all the possible config-
urations of the (hyper)cube, that is, all the manners we can assign a sign
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to each vertex of the (hyper)cube. The n-dimensional (hyper)cube has 2"
vertices, and each vertex has usually assigned one of the signs positive or
negative, obtaining a total 22" configurations. Thus, we have 16 configura-
tions in dimension two, 256 in dimension three, and 65 536 in dimension four.
Observe that the number of configurations increases exponentially with di-
mension. Sometimes, in addition to positive and negative signs the category
“pull” is used leading to 32" configurations. Once all the configurations were
computed, we need to investigate all possible solutions for each configura-
tion. An important point to note here is that there are configurations which
admit more than one portion of surface as possible solution. In dimension
two this situation arises when the diagonally-opposed vertices of the square
have the same sign, while consecutive vertices have different sign. This phe-
nomenon is known as ambiguaties and it is perhaps the biggest challenge for
this approach. In higher dimensions we find two kind of ambiguities: (a) face
ambiguities, and (b) internal ambiguities. The face ambiguities appears in a
lower-dimensional face of the cube, while internal ambiguities is associated
to the presence of a “tunnel” that connects two vertices along an internal
diagonal. The cubes that present ambiguities require some additional test
before deciding its corresponding solution. The second table stores the ad-
ditional topological tests to be performed in each ambiguous configuration,
and maps the possible results of the test into all subconfigurations. In the
third table we can find the tiling (i.e., triangulation) that corresponds to
each (sub)configuration. Such a tiling depends on linear interpolation and
the topological tests. Hereafter, we refer to these tables as configuration
table, test table, and tiling table, respectively.

The solutions of linear interpolation and March-
ing Square

This section provides the main results about marching square. To obtain
the possible tilings for each configuration of marching square, we need to
know two things: (1) all the solutions of the linear interpolation equation
P(z,y) =0, where P(x,y) = by + b1z + boy + bszy, b; € R, 0 < i < 3; and all
intersections of the solutions of the previous equation with the square [0, 1]%.

From the classification of algebraic curves, we know that if C' is a solution
of the linear interpolation equation P(x,y) = 0, then C' is:

1. a hyperbola, if b3 # 0. The hyperbola is degenerated (i.e., two orthog-
onal straight lines) if and only if b3by — b1by = 0.
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2. a straight line, if b3 = 0 and at least one of the coefficients b; and by is
not zero.

3. a plane, if by = by = by = b3 = 0.
4. the empty set, if by # 0 and all remaining coefficients are null.

It is an easy matter to check that this classification leads to the following
representative tilings of the marching square:

Non-degenerated cases without zeros

+ + o+ + o+ - -

(A)

Non-degenerated cases with zeros

0 0+ + - + - 0
0 0 0 + 0 0 0 —
(E) (F) (G) (H)

+ 0+ - - +
0 + 4 0+ 0

Degenerated cases without zeros

_|_ —

(L)
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Degenerated cases with zeros

+ 0+ -

(M) (N)

Thus, the configuration table possesses fourteen cases (A)-(N), each of
them grouping equivalent configurations. For example, case (A) stores ex-
actly two configurations: (+,+,+,+) and (-,-,-,-), which are related by a
reversing sign map. In turn, case (B) stores eight configuration, all of them
equivalent to (+,-,+,+). One representative configuration of the remaining
cases was shown above.

The test table stores the test (if any) we have to perform for the configu-
ration of each case. The only cases that need to be tested are those presenting
ambiguities.

The tiling table stores the tiling corresponding to each configuration.

In higher dimensions we proceed analogously. When constructing the
configuration table, it is customary to gather those configurations that are
the same up to a rigid movement of the space (e.g., rotations, reflections)
or a map that reverses the sign of each vertex of the (hiper)cube. We can
think of the configuration table as the collection of orbits of the action of the
direct product of these groups. The construction of the configuration table
is associated to the counting cases problem. The main task to be solved in
this latest problem is to count all the non-equivalent configurations of signs
that can be attributed to the vertices of the (hyper)cube. In other words,
the counting problem investigates the number of orbits of the action of the
afore-mentioned group over the set of all the configurations of signs that can
be assigned to the vertices of the (hyper)cube. Counting cases approach is
also concerned with other statements of the marching cubes problem which
include variations in the dimension, the shape of the cells in the grid, the
number of “signs,” etc.. In this regard, the article of Banks and Linton, [11],
provides valuable information.

On the other hand, the tiling we associated to each configuration of signs
of the (hiper)cube corresponds with the intersection of a solution of the in-
terpolation equation P(xq,xs,...,x,) = 0 with the (hiper)cube [0, 1]". This
leads to a much more difficult task — the classification of all the solutions
of the linear interpolation equation. In the bi-dimensional case, the classi-
fication of the solutions of the equation P(x,y) = 0 is easily deduced from
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the classification of algebraic curves such as we showed above. In dimension
three, a classification of the solutions of the linear interpolation equation
P(z,y,z) = 0 was introduced by Nielson [2]. In higher dimensions, this is an
open problem.

Contributions and organization

Nowadays there are countless variants of the original algorithm in dimensions
two, three and four, although undoubtedly the majority of them focus on the
three-dimensional case. Aside from the classification, perhaps the greatest
contribution in dimension two is the asymptotic decider [4], the simplest test
to resolve the ambiguous cases. In dimension three we have already men-
tioned two of the main works: the original article of marching cubes, and
the classification introduced by Nielson [2]. Another important input is the
work of Lewiner et al. [3] in which a full implementation of the Nielson’s
lookup table is introduced. Other articles have been published extending the
method to other data input, and also to improve its computational efficiency.
Among the most important works in the first of these task we can cite the
article of Weber et al. [5] which expands on the marching cubes principle
to rectilinear grid data with multi-resolution regions. The extension of the
method to non-rectangular data has also been carried out in several ways.
For instance, extensions of the marching cubes method for unstructured grids
have been proposed [6], and the approach of tetrahedral cells has been ad-
dressed by several authors [7, 8, 9, 10]. Among the approaches devoted to
accelerate the algorithms we can find those with interval-based representa-
tions [12, 13, 14|, those based on hierarchies [15, 16, 17|, those based on
propagation [18, 19, 20], those based on parallel and distributed processing
[21, 22]; just to mention some examples. The reader interested in more de-
tails can consult the survey of this subject presented by Newman and Yi
[23]. In dimension four, Bhaniramka et al. introduced an algorithm which
automatically produces a tiling of each hypercube by using a convex-hull
algorithm [24]. A different approach was presented by Robert and Hill [25].

In this work, we address the problem in dimensions three and four. The
main contributions are:

1. We face the classification of the solutions of the linear interpolation
equation by looking to some suitable foliations. As we already men-
tioned, one of the first steps towards the construction of marching cubes
algorithm is the classification of all the possible solutions of the in-
terpolation equation. Our approach via foliations allows us to easily
generalize the thecniques to higher dimensions. In dimension three, we

Instituto de Matematica Pura e Aplicada 15) March 10, 2013
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get a similar result to that presented by Nielson; however, the folia-
tions brings up some interesting elements. These topics are presented
in Chapter 1.

2. One of the advantages of our approach is that it is also very useful
when computing the intersections of the solutions of the linear interpo-
lation with the (hiper)cube. This is evidenced in Chapeter 2, where a
complete list of such intersections, including those with zeros and those
which are denerated, is presented. As a consequence, a complete look
up table for the marching cubes algorithm is given.

3. An improved marching cubes algorithm is presented in Chapter 3.

4. The approach of foliations is extended to dimension four in order to ob-
tain the classification of the solutions of the linear interpolation equa-
tion P(z,y, z,t) = 0. The details are treated in Chapter 4.

5. Finally, Chapter 5 introduces a primary Marching Hypercubes algo-
rithm. Because we do not have yet the entire classification of the
solutions of the linear interpolation equation, the tiling table of this
algorithm is incomplete.

Thus, in addition to the introduction, the thesis is organized into six
chapters. The first is devoted to the classification of all solutions of the lin-
ear interpolation equation in dimension three. Chapter 2 uses the results
obtained in the previous to construct a complete lookup table for the algo-
rithm that is presented in Chapter 3. Following a similar reasoning as in
the three dimensional case, Chapter 4 presents a coarse classification of the
solutions of the linear interpolation equation in dimension four. Chapter 5 is
intended to the development of a primary Marching Hypercubes algorithm.
Finally, we present some concluding remarks and future works.

Instituto de Matematica Pura e Aplicada 6 March 10, 2013



CHAPTER 1

Linear Interpolation in R?

The main goal of this chapter is to provide a complete classification of the
solutions of the linear interpolation equation:

P(z,y,z) = by + b1z + boy + bzz + byxy + bsxz + bgyz + brryz =0, (1.1)

where all the coefficients are real numbers. Such classification consists in
partitioning the set of these solutions in minor disjoint subsets so that two
solutions lie together in some of these subsets if and only if they are equivalent
in some sense. We are interested in that equivalent solutions, as well as
sharing the same topological properties, be visually indistinguishable. To
accomplish this, we define the equivalence by means of maps which only
involve translations, changes in the scale, reflections, and rotations. Thus,
we say that the solutions S = {(z,y,2) € R* : P(z,y,2z) = 0} and S’ =
{(x,y,2) € R® : P'(x,y,2) = 0} are equivalent if and only if there exists
an affine isomorphism ® : R?* — R3 which is the composition of a diagonal
isomorphism ¢ : (z,y,2) — (ax + d,by + e,cz + f) (a,b,c # 0) with a
permutation o of the set {x,y, 2z} such that P' = C'(P o ®), for certain real
constant C'. ® is often called equivalence between S and S’

Here are some relationships between the coefficients of P and the coeffi-
cients of P oy and P oo, respectively. If Po p(z,y,2) = By + Bix + Boy +
B3z 4+ Byxy + Bsxz + Bgyz + Brry, then
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By = by + byd+ bye + bsf + bude + bsdf + beef + brdef.
Bi = a(by + bse +bsf + bref).

By = b(by+ bad + bg f + brdf ).

Bs = c¢(bs+ bsd + bge + brde).

Bi = ab(bs+brf).

Bs = ac(bs + bre).

Bs = be(bg + brd).

B; = babc

e N e N R N N T
—_ = = = = = =
©O© 00 J O Ut = W N
~— O N N N N

Now, if we compose P with a permutation o, then the sequence of coef-
ficients of P o ¢ is a permutation of the sequence of coefficients of P. The
table below shows the cases of the permutations o, 0,., and o0,,.

Table 1.1: Coeflicient permutations.

P b() b1 bg bg b4 b5 bﬁ b7
Pooy, by by b b3 by bg bs b7
Poogy, by b3 by by bg bs by b7
Poo,, by b1 b3 by bs by bs b7

1.1 Invariants and foliations

The classification is based on few invariants. An invariant is a property which
is preserved under any equivalence @, thereby a solution meets this property if
and only if so does any other solution equivalent to it. The primary invariant
is the set of all intersections of S with the planes normal to a principal axis
6. These intersections determine a foliation Fyp := {S ({0 = 6y}, 6y € R} of
S which provides some valuable geometric information about S. Here and
subsequently, the term foliation means a decomposition of a surface S as
union of all its intersections with planes perpendicular to a given axis. Each
one of these intersections is called leave of the foliation.

The following result describes all the possibilities we have for the leaves
of F,.

Lemma 1. For each leave S ({x = xo} of the foliation F,, we have one the
following possibilities:

Instituto de Matematica Pura e Aplicada 8 March 10, 2013
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1. Sz = zo} is a hyperbola. This occurs when byxg + bg # 0. The
hyperbola will be degenerated (i.e., two orthogonal straight lines) if and
only if xo satisfies the equation (biby — bybs)x? + (bobr + bibg — b3by +
b2b5)l’ + (bObG — beg) = 0.

2. Sz = xo} is a straight line. This situation appears if bzxg + bg = 0
and at least one of the numbers bsxy + by and byxg + by is not zero.

3. Sz = x0} is aplane. This occurs if byxo+bs = bsro+bs = byxo+bs =
bll’o + bo =0.

4. SN{x = o} is the empty set, which happens when byxy + bg = bsxo +
b3 = b4l’0 + bg =0 and bll‘o + bo 7é 0.

Proof. Writing P in the form P(z,y,z) = (byx + by) + (bax + b2)y + (bsz +
b3)z + (bzx + bg)yz, the result follows by using the classification of the bi-
dimensional case. []

Lemma 1 has a similar formulation when a plane ortogonal either to the
axis y or to the axis z is considered. To obtain the conditions over the
coefficients, it suffices to apply the correspondence among the coefficients
exhibited in Table 3.

The next result gives us information about the distribution of the leaves
of Fg.

Lemma 2. All the leaves of Fy, except at most for one, have the same clas-
sification as a solution of the bi-dimensional case.

Proof. We can assume without loss of generality that ¢ = z. Using the
expression P(z,y, z) = (biz+bo) + (bax + b))y + (bsz + b3) 2z + (brx + bg)yz, we
can note that the coefficients depend linearly on the parameter x and hence
those non-identically null can vanish at most once. So, using Lemma 1 we
can conclude that if at least one of the coefficient bg and b7 is non-null, then
all the leaves of F, are hyperbolas when b;x + bg does not vanish for all value
of x; otherwise all the leaves of F)., except for one, are hyperbolas. The same
reasoning applies for the remaining cases. O]

Let F and F’ be two foliations of R™ by hyperplanes perperdicular to a
principal axis 6 not necessarily the same. We say that F' and F’ are equally
distributed if there is a homeomorphism D : R™ — R™ that maps each leave
of F' into a leave of F’ with the identical classification as solution of the
bi-dimensional problem.

Instituto de Matematica Pura e Aplicada 9 March 10, 2013
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Lemma 3. For any isomorphism ¢ and any foliation Fy of S, Fy and o(Fy)
are equally distributed.

Proof. We can assume without loss of generality that § = x. Consider the
expressions P(z,y, z) = (bix+bo)+ (byz+bo)y+ (bsx +b3) 2+ (brx +bg)yz and
Pop™!(x,y,2) = (Bix+ Bo) + (Bax+ Ba)y+(Bsx + Bs) 2+ (Brx + Bg)yz. By
virtue of Lemma 2, all the leaves of F),, except at most for one, have the same
classification as solutions of a bi-dimensional case. Suppose that all the leaves
of F, are hyperbolas. Then by virtue of Lemma 1, b;x + bg is non-null for any
value of z. This implies that b; = 0 and bg # 0. Using Equation (1.9) we have
that B; = 0 and Equation (1.8) ensures that Bg # 0. So, all the leaves of
©(F,) are hyperbolas. Now suppose that all the leaves of F}., except for one,
are hyperbolas. This implies that there exists a unique value of xy of x for
which byz+bg vanishes. So, b7 is non-null. Using again Equation (1.9), we get
that By is non-null and hence all the leaves of ¢(F}) are hyperbolas, except for
exactly one of them. In view of Lemma 1, we have three possibilities for this
distinct leave: a straight line, a plane, and the empty set. If the distinct leave
of F, is a straight line, then by virtue of Lemma 1 the coefficients byz+ by and
bsx + bz do not vanish simultaneously at zy. This means that at least one of
the discriminants b;by — bgbs and bybs — bgbs is no-null. Since B; By — BgBy =
CLb2C(b7bQ — b6b4) and that B7Bg — B(;B5 = CLbCQ(b7b3 — b6b5), at least one of
these determinants is non-null and we can conclude that the distinct leave
of ¢(F,) is a straight line. Now, if the distinct leave of F) is a plane, the
two previous determinants are null at the same time, and in addition, the
determinant b;bg — bgb1 needs to be zero. In view of the previous comments,
it suffices to prove that b;bg — bgb; = 0 if and only if B;By — BgB; = 0. But,
B7BO — BGBI = (le[(b7b0 — b@bl) + 6(b7b2 — b6b4) + f(b7b3 — b6b5>] and hence
vanishes. So, the distinct leave of ¢(F}) is also a plane. If the distinct leave
of F, is the empty set, then the only difference with the case of the plane
is that the discriminant b;by — bgb; is non-null. Using again the formula for
B;By — BgB; we can conclude that it is also non-null. Hence the distinct
leave of p(F,) is the empty set. The remaining possibilities are: (a) all the
leaves of F, being straight lines (b,c) all the leaves of F), being straight lines,
except for one that is: (b) a plane (c) the empty set, (d) all the leaves of F,
being the empty set, (f) all the leaves of F, being the empty set, except for
one that is a plane, and (g) all the leaves of F) being planes. In all these
cases the proof follows in a similar way to those we exhibited. O]

Here are some immediate consequences of the previous Lemma.

Corollary 1. The distribution of the foliation Fy of S is an invariant.

Instituto de Matematica Pura e Aplicada 10 March 10, 2013
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Corollary 2. The combination of distributions of the three foliations F,, F,
and F, of S is an invariant.

A close examination to the proof of Lemma 3 shows that the determi-
nants blb7 — b4b5, b2b7 — b4b6, and b3b7 — b5bﬁ play a fundamental role in
determining the distribution of leaves of the foliations Fj. We also saw that
the corresponding determinants of the foliations ¢(Fy) are related with the
formers by the formulas: By B; — ByBs = a*bc(biby — bybs), BoBy — ByBg =
ab?c(baby; — bybg), and B3B; — BsBg = abc?(bsby — bsbg). Thus, we get the
following invariants.

Corollary 3. 1. bib; — bybs vanishes if and only if so does ByB; — B4Bs.
2. bab; — bybg vanishes if and only if so does BosB; — B4Bg.
3. bsb; — bsbg vanishes if and only if so does B3B; — B5Bg.

4. Sg((b1b7 — b4b5)(bgb7 — b4b6)(bgb7 — b5b6)) = Sg((BlB7 — B4B5>(BQB7 —
BuBs)(B3Br — BsBg)).

The following lemma establishes conditions under which we can cancel
some coefficients of P in order to obtain a much simpler equivalent expression.

Lemma 4. Let P(x,y, z) = by + byx + bay + b3z + byxy + bsxz + beyz + brryz.
Then,

1. if by # 0, then for any non-null values of a,b and c, the isomorphism

b b b
o (z,y,2) — a:);——6,by——5,cz——4
by b,

leads to P o y(x,y,z) = By + Bix + Boy + B3z + Brryz, and

2. if by = 0 and by, by and bg are non-null, then for any non-null values of
a,b and c, the isomorphism

¢ (z,y,2) —
b1bg — bybs — b3by baobs — b1bg — b3by bsby — b1bg — baby
b
(ax + 2b4bs oy 2b4bg el 2b5bg )

leads to P o (z,y,z) = By + Byry + Bsxz + Bgyz + Brayz.

Proof. The result is obtained by equating to zero the expressions of By, Bs,
and Bg, a linear system in the variables d, e, and f is obtained. Solving this
system get (1). Statement (2) follows analogously from solving the linear
system obtained by equating to zero the expressions of By, By, and Bsy. [
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1.2 Foliation classification

We now focus on summarizing the information provided by the results ob-
tained so far by describing in detail all the possibilities for the foliations F),
of S.

P1 For all real value of x, F, is empty. In this instance by # 0 and the
remaining coefficients are all zero. (This leads to the empty set as the
unique solution.)

P2 For all real values of x, F, is a straight line. This case emerges when
b4$ + bg =0
b5[[‘ + bg =0
In this case we have that the general expression of P is P(z,y,2) =
b() + b113 + bgy + ng + b4£Cy + b5LUZ, with be5 — bgb4 # 0.

bg = by = 0, and the linear system { is incompatible.

P3 For all real values of z, F, is a hyperbola. In this case, b; = 0 and bg # 0.
The general expression of P in this case is P(x,y, z) = by + byz + boy +
bsz + byry + bsxz + bgyz, with bg # 0. Here we distinguish three
non-equivalent subcases by attending to the number of degenerated
hyperbolas that appear. We saw in Lemma 1 that the number of such
hyperbolas coincides with the number of real roots of the polynomial
b4b5$2 + (bgb4 + bgbg, — ble)SE + (bgbg — b0b6).

P4 For all real values of x, F, is a plane. This occurs when all of the
coefficients are zero. (On this occasion, the resulting space is the whole
space R3.)

P5 There is a real number a such that for all real value of = # a, F, is empty
and F, is a plane. This case appears when b; # 0 and b; = 0 for all
2 < ¢ < 7. (There is no restriction on by.)

P6 There is a real number a such that for all real value of © # a, F, is a
straight line and F, is empty. This case arises when bg = b; = 0, at
least one of the coefficients by and b5 is non-null, and the linear system

b4$ -+ bQ = 0 . . . . .
{ bz + by = 0 is compatible, but its solution does not satisfies the
equation byx + bg = 0. Thus, we have that the general expression of P
is P(x,y, z) = bp+biz+abyy+aBbyz+byry~+ Sbyxz whenever by # 0. If

by = 0, then we have the expression P(z,y, z) = by + bix + absz + bsxz.

P7 There is a real number a such that for all real value of x # a, F,
is a hyperbola and F, is empty. This cases emerges when b; # 0,
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Table 1.2: Possibility tests.

Poss. bo bl bg bg b4 b5 b6 b7 b7bo — bﬁbl b7b2 — bi4 b7bg — b6b5 b5b2 — b4b3 b4b0 — b2b1 b5b0 - b3b1
P1 |#0] 0 |O]0] O 0 0 0 0 0 0 0 0 0
P2 0 0 0 0 #0 0 0
P3 0] 0 0
P4 0 0 [0J0] O 0 0 0 0 0 0 0 0 0
P5 #0101 0] O 0 0 0 0 0 0 0 0 0

0[£0]| 0 £0 0
P6 0 0 [£0] 0 | 0 0 0 0 0 0 Z£0
2040 £0 £0
P7 £0 £0 0 0 0 £0
Z0] 0
P8 0 |#0| 0 0 0 0 0 0 0 0
20 £0
0 £0 £0
P9 £0 #0 0 £0
Z0 Z0 0
P10 £0 0 0 0 0 0 0
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b7.l’ + b6 =0
bsx + by = 0 is compatible, but its solution does not satisfies the

equation byx + by = 0. Thus, we have that there exist real numbers «,
B, and v such that P(x,y,z) = by + bix + aybry + afbrz + ybrxy +
Bbrxz 4 abyyz + brryz, with by + aby # 0. From this, taking b; = 1 and
using Lemma 4 (a), we obtain that P(z,y, z) = By + Byx + zyz, with
By = —-(bo + ab1) # 0 and By = =(by —7f), is a simplified general
expression of P.

P8 There is a real number a such that for all real value of x # a, F, is a
straight line and F}, is a plane. This instance appears when bg = b; = 0,
at least one of the coefficients b, and b5 is non-null, and the linear system

bll' + bo = 0
byxr + by = 0 is compatible. We thus get that the general expression
b5 + bg =0

of Pis P(z,y,z) = afby+ Bbyx + abyy + aybsz + byxy +vbyyz whenever
by # 0. If by # 0, then P(x,y, 2) = afbs + Bbsz + absz + bszz.

P9 There is a real number a such that for all real value of x # a, F, is
a hyperbola and F, is a straight line. This case occurs when b; # 0,

b4l‘ + bz =0
and bsx + bs = 0 is incompatible. We thus have that the general
b7l‘ + b6 =0

expression of P is P(z,y,z) = by + bix + boy + b3z + byzy + bsxz +
bgyz + brxyz, where bob; — bybg and bsb; — bsbg are non-null. Using
Lemma 4 (a) and taking b; = 1, this expression becomes P(x,y,z) =
B0+31$+Bgy+332+$y27 with BO = aLbC(bo—blbﬁ—bglk—b3b4+b4b5b6),
Bl = i<b1 — b4b5), BQ = aic(bg — b4b6), and Bg = %(bg — b5b6). In this
case we have three subcases depending on the number of real roots of
the polynomial (blb7—b4b5)$2-|—(b1b6+b0b7—b3b4—bgb5)$—|—(bgb6—bgb3).

P10 There is a real number a such that for all real value of x # a, F, is
a hyperbola and F, is a plane. This case arises when b; # 0, and

blx —I— bo = 0

b4.T + bg =0 . . . .
b + by = 0 is compatible. So, the general expression of P is
b7x + b6 =0

P(x,y, z) = afb;+Bbrz+aybry+adbrz+~ybrxy+0brrz+abryz+brryz.
Using Lemma 4 (a) and taking b; = 1, we obtain the simplified ex-
pression P(z,y,2) = Bix + Byy + zyz, with By = bic(aﬁ — v0) and
By = i(ﬂ —ay).
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Observe that the study of the foliation F, allowed us to make a prelimi-
nary classification of the solutions and in most cases we attained to reduce
the number of parameters to be analyzed. Obviously, the possibilities for F,
and F, are exactly the same as for F,. The difference lies in the conditions
that each possibility imposes on the coefficients of P, which can easily ob-
tained by applying the respective coefficient correspondence listed in Table
3 to each row in Table 1.2.

We can produce a closer classification to the marching cube’s cases if
instead of one only foliation, we consider the combinations of foliations F,
F, and F,. Combining the tables for F,, F,, and F,, we get the following
list.

C1 (P1, P1,P1). This occurs when by # 0 and the remaining coefficients
are all null. Thus, the general expression for P is P(x,y,z) = 1.

C2 (P2, P2,P2). This combination emerges when by = b5 = bg = by = 0
and at least two of the coefficients by, by and b3 are not null. So, the
general expression for P is P(x,y, z) = by + byx + boy + b3z.

C3 (P2, P2, P3). This happens when b3 and by are non-null and b5 = bg =
b7 = 0. Thus, in general, P(z,y, z) = by + b1z + boy + b3z + byxy. Since
the polynomial b3bsz + (bgby — b1by) has always only a (real) root, F,
always contains a only degenerated hyperbola.

C4 (P2, P2,P5). This combination arises when b3 # 0 and the remain-
ing coefficients are null. The general expression of P in this case is
P(z,y,2z) =z

C5 (P2, P3,P3). This combination appears when the coefficients b, and
bs are non-null, bg = by = 0, and bybs — b3by is not zero. The general
expression of P in this case is P(x,y,z) = by + biz + boy + b3z +
byxy + bsxz, with bobs — b3by non-null. Because the polynomial b3bsz —
(boby — b1by) has always only a (real) root, F, always contains only one
degenerated hyperbola.

C6 (P3, P3,P3). This occurs when the coefficients by, b5 and bg are non-
null and b; = 0. Here, the general expression of P is P(z,y,2) =
bo + b1z + boy + b3z + byxy + bsxz + bgyz. Using Lemma 4 we obtain

a simplified expression P(z,y,z) = By + Byxy + Bsxz + Bgyz, with

B o (b3b4)2+(b1b6)2+(b2b5)2—2b163b4b5—2b2b3b—4b5—2b1b2b5b6+4bob4b5b6 B - bb
0= 1b1b5bg ; Dy = abby,

Bs = acbs, and Bg = bcbg. Here we have three subcases: (a) each one of

the foliations F, F,, and F, contains two degenerated hyperbolas, (b)
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each one of the foliations F,, F,, and F, contains one degenerated hy-
perbolas, (c) none of the foliations F,,, F},, and F, contains degenerated
hyperbolas. The subcases (a), (b), and (c) appear when the polyno-
mial B,Bsx? — ByBg has two, one, and none real roots, respectively.
(The reader must have noticed that the polynomial B,Bsx? — ByBg
corresponds to the degenerated hyperbolas of F,. The polynomials
corresponding to the foliations F, and F, are By4Bgy?* — ByBs and
BsBgy? — ByBy, respectively. However, all these polynomials have ex-
actly the same discriminant.)

C7 (P3, P3,P6). This combination appears when by = b; = 0, bg and bs

are non-null, and there are real numbers a and 3 such that b, = afbg,
by = abg, bs = Pbg, and by # abs. Thus, the general expression of P is
P(z,y,2z) = by+afbsz + abgy + b3z + Bbgrz +bgyz. In this case both F),
and [, do not contain any degenerated hyperbola. The reason for this
is that the polynomials corresponding to the degenerated hyperbolas
of F, and F), are bs(by — abs) and [bg(by — abs), respectively, and both
are non-null constants.

C8 (P3, P3,P8). This combination emerges when by = b; = 0 and there

are real numbers «, § and ~ such that by = avybg, by = afbg, by =
abg, bs = ~bg, and by = [bg. Thus, the general expression of P is
P(z,y,z) = aybs + afbsr + abgy + vbsz + Pbsrz + bgyz. Here, all the
leaves of F, and F), are degenerated hyperbolas. The reason for this is
that the polynomials corresponding to the degenerated hyperbolas of
F, and F} have all their coefficients null.

C9 (P3, P6, P6). This combination occurs when by = by = b5 = by = 0,

C10

C11

bg # 0, and there is a real numbers a and [ such that by = abg,
bs = Bbg, and by # afbg. Thus, the expression of P takes the form
P(z,y,2) = by + absy + Bbez + bgyz, with by # afbs. Since the poly-
nomial corresponding to the degenerated hyperbolas of F, is a the
constant bg(by — afBbg) # 0, we can conclude that none leave of F, is a
degenerated hyperbola.

(P3, P8, P8). This combination arises when by = by = b5 = b; = 0,
bg # 0, and there are real numbers o and 8 such that by = abg, b3 =
Bbg, and by = afbg. So, the general expression of P in this case is
P(z,y, z) = afbs + absy + Pbsz + bgyz. Obviously, all the leaves of F,
are degenerated hyperbolas.

(P4, P4, P4). This combination only appears when P = 0.
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C12

C13

C14

C15

(P7,P7,PT7). This combination appears when b; # 0 and there exist
real numbers «, 3, and ~ such that by = Bvby, by = ayb;, by = afby,
by = vb7, bs = Bbr, bg = abr, and by # af~yb;. This forces P(x,y, z) =
bo + Bybrx + aybry + afbrz + ybrxy + Bbrrz + abyyz + brryz, with
by # afvyb;. Using Lemma 4 (a) and putting b; = 1, we obtain the
simplified expression P(z,y, z) = By + xyz, with By = —(by — a37).
From this expression it follows immediately that all the foliations F,,
F,, and F, contain exactly one degenerated hyperbola.

(P7, P9, P9). This combination emerges when b; # 0 and there exist
real numbers «, 3, and « such that by = a~vyb;, b3 = afBb;, by = vb7, bs =
Bbz, bg = aby, by # Bvybz, and by # aby. This gives, P(x,y,z) = by +
bix+aybry+afbrz+vybrxy+ Bbrrz+abryz+brryz, with by # Bybr, and
by # aby. Using Lemma 4(a) and setting b; = 1 we obtain the simplified
expression P(z,y,z) = By + Bix + ayz, with By = —-(by — ab;) and
By = i(bl —~f). From this expression we can easily see that F), always
has two degenerated hyperbolas and F, and F, only have one.

(P9, P9, P9). This combination arises when by # 0 and at least two
of the numbers blb7 — b4b5, b2b7 — b4b67 and b3b7 — b5b6 are non-null.
From Lemma 4 (a) and setting b7 = 1, we get the simplified expression
P(z,y,z) = Bo+Bix+ Boy+ Bsz+zyz, with By = ﬁj(bo—blbﬁ—bgbg)—
b3by 4 2b4bsbs), B1 = i(bl —bybs), By = i(bg —bybg), and Bz = ﬁ(bg —
bsbg). In this case we have six subcases: (a) ByByBs < 0, and each
foliation F,, F,, and F, has exactly two degenerated hyperbolas, (b)
B1B;Bs < 0, and each one of the foliations F,, F, and F} has exactly
one degenerated hyperbola, (¢) B;ByBs < 0, and none of the foliations
F,, F,, and F, contains degenerated hyperbolas, (d) ByB2Bs; = 0, the
foliation F, does not contain degenerated hyperbolas, and each one of
the foliations £}, and F., contains exactly two degenerated hyperbolas
(e) B1ByB3 = 0, the foliation F, contains exactly one degenerated
hyperbola, and each one of the foliations F,, and F, has exactly two
degenerated hyperbolas (f) B;B2B;s > 0 and each of the foliations F,,
F,, and F, contains exactly two degenerated hyperbolas.

(P9, P9, P10). This combination appears when b; # 0 and there are
real numbers «, 3, v, and ¢ such that by = adb;, by = aybs, by = afby,
bs = dby, by = aby, by = b7, bg = (b7, and § — By # 0. Thus, the
general expression of P is P(x,y, z) = adb; + aybrx + afbry + 0brz +
abrxy+ybrxz+ Pbryz+brryz, with § — v # 0. From Lemma 4 (a) and
taking b; = 1, we deduce the simplified expression P(z,y,2) = B3z +
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xyz, with By = (8 — ). Obviously, all the hyperbolas contained in
any of the foliations F,, F}, and F}, are degenerated.

C16 (P10, P10, P10). This combination appears when b; # 0 and there are
real numbers «, § and 0 such that by = adby, by = afdby, by = afby,
b3 = (5[)7, b4 = Oéb7, b5 = ﬁ(;b'y, and b6 = ﬁb7 ThUS, the general
expression of P is P(z,y, z) = adb; + afobrx + afbry + 6brz + abrry +
Bobrxz + Bbryz + brryz. Using Lemma 4 (a) and putting by = 1, we
obtain the simplified expression P(z,y,z) = zyz. This clearly forces
any hyperbola contained in any of the foliations F}, F,, and F, to be
degenerated.

All the other combinations are impossible since they have opposite nullity
test on some of the entries of Table 1.2.

1.3 The complete classification

The list above allows us to exhibit the more simple representative for each
class of our classification. As the following theorem shows, we have infinite
of such classes — only one for each combination different to (P3, P3, P3)
and (P9, P9, P9), three for the combination (P3,P3,P3), and infinite for
the combination (P9, P9, P9).

Theorem 1. Let S be the solution of the linear interpolation equation. Then,
S is equivalent to one and only one solution of the following equations:

C1 Empty set.
C2

P2 P2, P2), v+y+2=0.

( ),
C3 (P2,P2,P3), zy + z = 0.
4 (P2, P2,P5), z = 0.
5 (P2,P3,P3), zy + xz+ z = 0.
Cé6(a) (P3,P3,P3), zy+yz+zz—1=0.
C6(b) (P3,P3,P3), vy +yz + 2z = 0.
Cé6(c) (P3,P3,P3)(c), zy +yz+xzz+1=0.

C7 (P3,P3,P6), vz +yz+1=0.
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C8 (P3,P3,P8), xz+yz = 0.

C9 (P3,P6,P6), yz+1=0.

C10 (P3,P8,P8), yz = 0.

C11 R?

C12 (P7,P7,P7), xzyz+ 1= 0.
C13 (P7,P9,P9), zyz—x+1=0.

Cl4(a) (P9,P9,P9), zyz —x —y—z+ By =0, with By € R. (There is an
equivalence class for each non-negative real value of By.)

C14(b) (P9,P9,P9), zyz —y — 2z =0.
C14(c) (P9,P9,P9), zyz—y—2+1=0.

C14(d) (P9, P9, P9), zyz+x+y+ 2+ By =0, with By € R. (There is an
equivalence class for each non-negative real value of By.)

C15 (P9, P9, P10), zyz — z = 0.
C16 (P10, P10, P10), xyz = 0.

Proof. The proof of each item consists in taking the simplified expression
of P given in the list above and finding an equivalence p(z,y,2) = (ax +
d,by + e,cz + ) such that P o ¢ coincides with the expression P’ presented
in the statement of this theorem. To achieve this, we set each coefficient
of P o ¢ equal to its corresponding in P’ and solve the resulting system of
linear equations to determine values for the parameters a, b, ¢, d, e, and f. To
illustrate the procedure, we shall do in detail the case of (P2, P2, P2). The
remaining cases are purely analogous.

In view of the list of combination, we have that the expression for the
solutions whose combination of foliations is (P2, P2, P2) is P(x,y, z) = by +
bix 4 boy + byz = 0, where by, by and by are non-null. Thus, P o p(z,y,2) =
(bo + cby + eby + fb3) + abjx + bboy + cbsz. Since the expression of P’ is
P'(x,y,2) = x +y + z, we obtain the system: ab; = 1, bby = 1, ¢bg = 1,
and by + cb; + eby + fbs = 0, which has infinite solutions. Therefore, the
respective solutions of P(x,y,z) =0 and P'(x,y, z) = 0 are equivalent. [

The existence of infinitely many equivalence classes is due to the fact
the combination (P9, P9, P9) contains two general solutions depending on
a real parameter By, namely (Cl4(a)): ayz —x —y — z + By = 0, and
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(C14(d)): zyz+x +y+ z + By = 0. We conclude this section by showing
that, although the solutions of these equations corresponding to different
non-negative values of the parameter By are non-equivalent in the sense we
defined at the beginning of the chapter, all them are grouped into a quite
small number of classes of diffeomorphic solutions.

Theorem 2. 1. Let S and S’ be the solutions of the equation ryz — x —
y — z+ By = 0 obtained from two different non-negative values of By.
If these values are together in one of the regions By < 2, By = 2, and
By > 2, then S and S" are difeomorphic.

2. Let S and S’ be the solutions of the equation ryz+x+y—+ 2+ By =0
obtained from two different non-negative values of By. Then, S and S’
are diffeomorphic.

The proof of this theorem is an immediate consequence of the following
result of Morse Theory (see [26]).

Definition 1. Let F : R?> — R be a C®°-function.

1. The point p € R? is said to be a critical point of F if F,(p) = F,(p) =
F.(p) = 0. If p is a critical point of F, then F(p) is called critical value
of F.

2. The Hessian matrix H(F,p) of F' at the point p is defined by:

H(F,p)= | Fulp) F

<
<
T~ o~
S
~—
@'11
W
—
S
~—

3. A critical point p of F' for which H(F,p) is invertible is called non-
degenerated. If all the critical points of I’ are non-degenerated, we say
that F' is a Morse function.

Lemma 5. Let a < b be real numbers such that the interval [a,b] does not
contains critical values of F. Then the surfaces F~'({a}) and F~({b}) are
diffeomorphic.

Proof. (of the Theorem 2)

1. Consider the function F(z,y,2) = zyz —x —y — z. It is easy to verify
that the critical points of F' are (1,1,1) and (—1,—1,—1), which are
non-degenerated. Since the regular values of F' are -2 and 2, the result
follows immediately from Lemma 5.
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2. Consider the function F(z,y, z) = xyz+x+y-+z. It can be easily seem
that F' has no critical points and hence has no critical values. Using
again Lemma 5, we obtain the result.

]

As we mentioned before, Theorem 1 was obtained previously by Nielson
his work [2]. However, the main contributions of the chapter lie in the ap-
proach via foliations which provides some geometrical insight to the question.
As we shall see later, the intuition we gain here will be of great importance
in the treatment of the problem in dimension four.

1.4 Intersections of general solutions with a
cube

The following list presentes some illustrative examples of the intersections

of each general solution of the equation f(z,y,z) = 0 with the cube [0, 1]3.
This provides some intuition of the configurations of marching cubes.

C1 This combination only returns the empty cube.

C3zy+2=0
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C4 This combination only returns the cube with a filled face.

C5 xy+axz+2=0

Cé6(a) zy +yz+22—1=0
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Cé(c) zy+yz+zz2+1=0
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C8 zz+yz=0
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C11 This combination only yields the filled cube.

C12 zyz+1=0

Cl4(a) zyz—x—y— 2+ By =0, |By| <2

Instituto de Matematica Pura e Aplicada 26 March 10, 2013



Jyrko Correa-Morris Marching Cubes

Cl4(a) zyz—x—y— 2+ By =0, |By| > 2
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Cl4(c) zyz—x—y+1=0
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C15 zyz—2=0
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CHAPTER 2

Computing the intersections with the cube [0, 1]°

The main goal of this chapter is to construct the tiling table for our algorithm.
Each triangulation in such a table corresponds to the portion of a solution
of the interpolation equation contained in the cube [0, 1]*. So, to achieve our
purpose, the first step is to investigate which are all the possible truncated
surfaces that the members of each class of solutions of the linear interpolation
equation are able to produce inside the cube [0, 1]3.

2.1 Foliating the portion of surface within the
cube

2.1.1 Analyzing the possibilities for each foliation

We begin this section by giving a simple general fact.

Lemma 6. Let r be a straight line in R®. Any solution S of the equation
bg + bix + boy + b3y + byxy + bsxz + bgyz + brryz =0 (2.1)
intersects r at most thrice.

Proof. The points on r have the form (g + at, yo + bt, 2o + ct),t € R, where
(%0, Yo, 20) is a point on 7, and (a, b, ¢) is a supporting vector of r. Putting
x = xo+at, y = yo+0bt, and z = zo+ct in Equation (2.1), we get a polynomial
in parameter ¢, which has at most degree three. Since such a polynomial has
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at most three roots, we can conclude that S and r have no more than three
common points. ]

Corollary 4. Any solution S of Equation (2.1) intersects the edges of the
cube [0,1]3 at most once.

We now focus on classifying all the possible foliations of the portion of .S
contained in [0, 1] by attending to the form of the curve SN {6 = z} N[0, 1),
for each = € [0,1]. From now on we denote {# = x} N [0,1]* by 7,. To our
purpose, it suffices to consider the classification of the bi-dimensional case
to describe the foliation {S N 7,}.cp0,1). Notice also that the continuity of S
and the previous corollary ensure that the double-orthogonal projection of
S onto [0, 1], (i.e., first project S onto [0,1], x [0, 1],, and then project the
result onto [0, 1],) is either a closed subinterval containing one of the ending
points of [0, 1] or an union of two disjoint closed subintervals, each of them
containing one of the ending points of [0, 1].

Recall that the classification in [0, 1]? is the following.

- - - - - - - -
BTN T (¢ N (o) N ) N
0 0o+ + o+ + o+ 0
R N N (e N ) N
- 0+ - - + o+ —
S ) B £ NN ) B
+ 0+ —

0 an 0 0y O

Instituto de Matematica Pura e Aplicada 32 March 10, 2013



Jyrko Correa-Morris

Marching Cubes

Having disposed of these preliminary steps, we are ready to give the
following classification.

Table 2.1: Non-degenerated truncated foliations

P21 P3| P4 P5| P6|P7T|P8|PY| P10
I1 | yes | yes | yes | yes | yes | yes | yes | yes | yes
12 | yes | yes | yes | yes | yes | yes | yes | yes | yes
I3 | yes | yes | yes | yes | yes | yes | yes | yes | yes
14 | yes | yes | yes | yes | yes | yes | yes | yes | yes
I5 | yes | yes | yes | yes | yes | yes | yes | yes | yes
16 | yes | yes | yes | yes | yes | yes | yes | yes | yes
I7 | yes | yes | yes | yes | yes | yes | yes | yes | yes
I8 | yes | yes | yes | yes | yes | yes | yes | yes | yes
I9 | no | yes | yes | yes | no | yes | no | yes | yes
110 | no | yes | yes | yes | no | yes | no | yes | yes
I11 | no | yes | yes |yes | no | yes | no | yes | yes
112 | no | yes | yes | yes | no | yes | no | yes | yes
113 | no | yes | yes | yes | no | yes | no | yes | yes
114 | no | yes | yes | yes | no | yes | no | yes | yes
I15 | no | yes | yes | yes | no | yes | no | yes | yes
116 | no | yes | yes | yes | no | yes | no | yes | yes
117 | no | yes | yes | yes | no | yes | no | yes | yes
118 | no | yes | yes | yes | no | yes | no | yes | yes
119 | no | yes | yes | yes | no | yes | no | yes | yes
120 | no | yes | yes | yes | no | yes | no | yes | yes
121 | no | yes | yes | yes | no | yes | no | yes | yes
122 | no | yes | yes | yes | no | yes | no | yes | yes
123 | no | no |yes| no | no | no | no | no | no
133 | no | no | no | no | no | no | no | yes | no
I34 | no | no | no | no| no| no| no|yes| no
I35 | no | no | no | no | no | no| no |yes| no
136 | no | no | no | no | no | no | no | yes | no
I37 | no | no | no | no | no | no | no | yes | no
1383 | no |no | no | no| no| no| nojyes| no
I39 | no | no | no | no| no| no| no|yes| no
140 | no | no | no | no | no | no | no | yes | no
142 | no | no | no | no | no | no | no | yes | no
I43 | no | no | no | no | no | no | no | yes | no
144 | no | no | no | no | no | no | no | yes | no
145 | no | no | no | no | no | no | no | yes | no
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1'46‘110‘no‘no‘no‘no‘no‘no\yes\no‘

P2(N)[0,1]* Since P2 assures that all the leaves of F, are straight lines, we
have the following truncated foliations:

I1 For all z € [0,1], 7, matches configuration (B).

I2 For all x € [0, 1], 7, mat

ches

configuration (C).

I3 There is 0 < a < 1 such that:

e if x € [0,a), 7, matches configuration (B);

e if © € (a,1], 7, matches configuration (C);

e If 7, matches configuration (J).

I4 There is 0 < a < 1 such that:

e if x € [0,a), 7, matches configuration (B);
e if v € (a,1], 7, matches configuration (A);

e 7, matches configuration (F).

I5 There are 0 < a < b < 1 such that:

e if x € [0,a), 7, matches configuration (C);
e if x € (a,b), 7, matches configuration (B);

e if x € (b, 1], 7, matches configuration (A).

e 7, matches configuration (J);

e 7, matches configuration (F).

16 There are 0 < a < b < 1 such that:
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if z € [0,a), 7, matches configuration (B);
if x € (a,b), 7, matches configuration (A);
if z € (b, 1], 7, matches configuration (B);
7, and 7, match configuration (F).

I7 There are 0 < a < b < ¢ < 1 such that:

if x € [0,a), 7, matches configuration (

if z € (a,b), 7, matches configuration (A);
if z € (b, ¢), 7, matches configuration (B);
if z € (¢, 1], 7, matches configuration (C');
7, and 7, match configuration (F);

7, matches configuration (J).

I8 There are 0 < a < b < ¢ < d < 1 such that:

if x € [0,a), 7, matches configuration (C);
if z € (a,b), 7, matches configuration (B);
if x € (b, ¢), 7, matches configuration (A);
if z € (¢, d), 7, matches configuration (
if x € (d, 1], 7, matches configuration (C
if 7, and 7; match configuration (J);

7, and 7. match configuration (F).

P3(N[0,1]> As we have identified a single (connected) arc of hyperbola with a
segment of straight line and P3 guarantees that all the leaves of F), are
hyperbolas, we get, in addition to the previous, the following truncated
foliations:

I9 For all z € [0, 1], 7, matches configuration (D).
I10 There is 0 < a < 1 such that:

if z € [0,a), 7, matches configuration (B);
if © € (a, 1], 7, matches configuration (D);

7, matches configuration (K).

111 There are 0 < a < b < 1 such that:

if z € [0, a), 7, matches configuration (C);
if x € (a,b), 7, matches configuration (B);
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e if x € (b, 1], 7, matches configuration (D);
e if 7, matches configuration (J);
e 7, matches configuration (K).

I12 There is 0 < a < 1 such that:
e if z € [0,a), 7, matches configuration (D);
e if x € (a, 1], 7, matches configuration (A);
e 7, matches configuration (7).

113 There are 0 < a < b < 1 such that:

e if x € [0,a), 7, matches configuration (B);
e if v € (a,b), 7, matches configuration (D);
e if v € (b,1], 7, matches configuration (A);
e 7, matches configuration (K);
e 7, matches configuration (7).

I14 There are 0 < a < b < 1 such that:
e if x € [0,a), 7, matches configuration (B);
e if v € (a,b), 7, matches configuration (A);
e if x € (b, 1], 7, matches configuration (D);
e 7, matches configuration (F).

e 7, matches configuration (7).

115 There are 0 < a < b < ¢ < 1 such that:

I

e if x € [0,a), 7, matches configuration (C)
(B)

e if v € (b,¢), T, matches configuration (A);
)

e if v € (a,b), 7, matches configuration :
(
e if v € (¢, 1], 7, matches configuration (D);
e 7, matches configuration (J);
e 7, matches configuration (F);
e 7. matches configuration (7).
I16 There are 0 < a < b < ¢ < 1 such that:
e if x € [0,a), 7, matches configuration (B)
e if x € (a,b), 7, matches configuration (A);
o if z € (b, )
o if v € (c )
e 7, and 7, match configuration (F);

¢), 7. matches configuration (
, 1], 7, matches configuration (D

e 7. matches configuration (K).
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117 There are 0 < a < b < ¢ < d < 1 such that:

(©)
if z € (a,b), 7, matches configuration (B);

I

if x € [0,a), 7, matches configuration

I

if x € (b, ¢), 7, matches configuration (A)
if z € (¢, d), tau, matches configuration (B)

if x € (d, 1], tau, matches configuration (D);

7, matches configuration (.J);
7, and 7, match configuration (F');
74 matches configuration (K).

118 There are 0 < a < b < 1 such that:

if x € [0,a), 7, matches configuration (D);
if x € (a,b), 7, matches configuration (A);
if z € (b, 1], 7, matches configuration (D);
7, and 7, match configuration (F).

119 There are 0 < a < b < ¢ < d < 1 such that:

if z € [0,a), 7, matches configuration (B);
if x € (a,b), 7, matches configuration (D);
if x € (b, c¢), 7, matches configuration (A);
if x € (¢, d), 7, matches configuration (B);
if z € (d, 1], 7, matches configuration (D);
7, and 74 match configuration (K);

T, matches configuration (7);

7. matches configuration (F).

120 There are 0 < a < b < ¢ < d < 1 such that:

7, matches configuration (J);
7, matches configuration (K);
7., matches configuration (1);

T, matches configuration (F).

121 Thereare 0 < a <b<c<d< e < 1such that:
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e if x € [0,a), 7, matches configuration (C);
)

)

(
e if v € (a,b), 7, matches configuration (B);
e if v € (b,¢), T, matches configuration (D);
o if x € (
(

)

)

);

¢,d), T, matches configuration (A);
), T, matches configuration (B);

e if x € (e, 1], 7, matches configuration (D);

e 7, matches configuration (J);

e 7, and 7, match configuration (K);

e 7. matches configuration (I);

e 7, matches configuration (F').

P4N[0,1]> This possibility asserts that all the leaves of F} are planes. So,
we only have a possible truncated foliation:

122 For all x € [0, 1], 7, has configuration (E).

P5(N[0,1]® This possibility states that all the leaves of F, are empty, except
for one of them which is a plane. Hence, the only two new truncated
foliation that this possibility offers are:

123 For all z € [0,1],  # a, 7, presents configuration (A), and 7, has
configuration (E).

124 For all z € [0, 1], 7, has configuration (G).

P6(N[0,1]® This possibility states that all the leaves of F} are straight lines,
except for one of them which is empty. Since the surface has an asymp-
totic behavior respect this leave, this possibility contributes with no
truncated foliations besides those obtained from P2.

P7(N[0,1]® This possibility declares that all the leaves of F, are hyperbo-
las, except for one of them which is empty. Due to the fact that the
surface behaves asymptotically in relation to this leave, this possibility
contributes with no truncated foliations beside those obtained from P3.

P8(N[0,1]® In the case of this possibility, all the leaves of F, are straight
lines, excepting by one of then which is a plane. So, apart from the
truncated foliations obtained from P2, this possibility only contributes
with the following degenerated cases:

I25 For all z € [0,1], x # a, 7, has configuration (B). 7, presents
configuration (FE).
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126 For all x € [0,1], * # a, 7, presents configuration (C). 7, has
configuration (FE).

I27 Thereis 0 < b <1, b# a € (0,1) such that:

e if z €[0,b), 7, matches configuration (C);
e if x € (b, 1], 7, matches configuration (B);
e 7, matches configuration (E);
e 7, matches configuration (J).

128 There are 0 < a < b < 1 such that:

e if z € [0,b), 7, matches configuration (B);
o if v € (b,1), 7, matches configuration (A);
e 7, matches configuration (E);
e 7, matches configuration (F).

129 There are 0 < b < a < ¢ < 1 such that:

e if x € [0,b), 7, matches configuration (C);
e if v € (b,¢), T, matches configuration (B);
e if v € (¢, 1], 7, matches configuration (A);
e 7, matches configuration (£);
e 7, matches configuration (.J);
e 7. matches configuration (F).

130 There are 0 < a < b < ¢ < 1 such that:

e if z € [0,b), 7, matches configuration (B);

e if v € (b,¢), T, matches configuration (A);

e if v € (¢, 1], 7, matches configuration (B);

e 7, matches configuration (£);

e 7, and 7. match configuration (F).
I31 There are 0 < b < c<d < 1anda € (0,¢)J(d,1), a # b, such

that:

e if z €[0,b), 7, matches configuration (C);

o if x € (b,c), 7, matches configuration (B);
e if x € (¢,d), 7, matches configuration (A);

(B)

e 7, matches configuration (E);
e 7, matches configuration (J);
e 7. and 7; match configuration (F).
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I32 Thereare 0 <b<c<d<e<landaé€ (0,¢)Jd1), a+#b,e,
such that:

if z € [0,0)

if x € (b, ¢), 7, matches configuration (B);

if z € (
(

if x €
if z € (e, 1], 7, matches configuration (C');

, T matches configuration (C);

)
¢,d), T, matches configuration (A);
d,e), T, matches configuration (B);

7, matches configuration (E);
7, and 7, match configuration (J);
7. and 745 match configuration (F).

PIN[0,1]3 In this possibility, all the leaves of F, are hyperbolas, excepting
by one of them which is a straight line. In view of this, in addition to
the truncated foliations provided by P3, we have the following:

133 For all z € [0, 1], x # a, 7, matches configuration (D). 7, matches
configuration (H).

134 There are 0 < b < a <1 such that:

if x € [0,b), 7, matches configuration (B);

if z € (b,1], x # a, 7, matches configuration (D);
7, matches configuration (H);

7, matches configuration (K).

135 There are 0 < b < ¢ < a < 1 such that:

if z € [0,b), 7, matches configuration (C);

if z € (b, ¢), 7, matches configuration (B);

if x € (¢, 1], x # a, 7, matches configuration (D)
7, matches configuration (H);

T, matches configuration (J);

7. matches configuration (K).

136 There are 0 < a < b < 1 such that:

if z €[0,b), x # a, T, matches configuration (D);
if x € (b, 1], 7, matches configuration (A);
7, matches configuration (H);

7, matches configuration (7).

137 There are 0 < b < a < ¢ < 1 such that:
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e if x € [0,b), 7, matches configuration (B);

o if v € (b,c), v # a, 7, matches configuration (D);
e if x € (¢, 1], 7, matches configuration (A);

e 7, matches configuration (H);

e 7, matches configuration (K);

e 7. matches configuration (7).
I38 There are 0 < b < c < a < d < 1 such that:

e if x € [0,b), 7, matches configuration (C);

e if v € (b,¢), 7, matches configuration (B);

e if v € (¢,d), v # a, 7, matches configuration (D);
e if v € (d, 1], 7, matches configuration (A);

e 7, matches configuration (H);

e 7, matches configuration (.J);

e 7. matches configuration (K);

e 7, matches configuration (I).

139 There are 0 < b < ¢ < a <1 such that:

e if x € [0,b), 7, matches configuration (B);

e if v € (b,¢), T, matches configuration (A);

e if v € (¢, 1], x # a, 7, matches configuration (D);
e 7, matches configuration (H);

e 7, matches configuration (F);

e 7. matches configuration (7).
140 There are 0 < b < ¢ < d < a <1 such that:

e if z € [0,b), 7, matches configuration (C);

e if x € (b,c), 7, matches configuration (B);

e if v € (¢,d), 7, matches configuration (A);

e if x € (d,1], x # a T, matches configuration (D);
e 7, matches configuration (H);

e 7, matches configuration (J);

e 7. matches configuration (F);

e 7, matches configuration (I).

141 There are 0 < b < ¢ < d < a <1 such that:

e if z € [0,b), 7, matches configuration (B);
o if v € (b,c), 7, matches configuration (A);
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if z € (¢, d), 7, matches configuration (B);
if z € (d, 1], x # a, 7, matches configuration (D);
T, matches configuration (H);

7, and 7. match configuration (F);

74 matches configuration (K).

142 There are 0 < b<c<d < e < a<1such that:

if z € [0,b), 7, matches configuration (C);

if x € (b, ¢), 7, matches configuration (B);

if z € (¢, d), 7, matches configuration (A);

if x € (d, e), 7, matches configuration (B);

if x € (e,

1],  # a, 7, matches configuration (D);

7, matches configuration (H);

T, matches configuration (J);

7. and 74 match configuration (F);

7. matches configuration (K).

143 There are 0 < a < b < ¢ < 1 such that:

e if z € [0,b), 7, matches configuration (C);
e if v € (b, c), 7, matches configuration (B);

if x € [0,b], x # a, 7, matches configuration (D);

if z € (b, ¢), 7, matches configuration (A);

if x € (¢, 1], 7, matches configuration (D);

7, matches configuration (H);

7, and 7. match configuration (7).
I44 There are 0 <b<c<d<e<1,ace€ (bec)lJ(e 1] such that:
if x € [0,b), 7, matches configuration (B);

if x € (b, ¢), 7, matches configuration (D);

(D);
if x € (¢,d), T, matches configuration (A);

)

if z € (d,e), 7, matches configuration (B);

if © € (e,

1],  # a, 7, matches configuration (D);

7, matches configuration (H);

7, and 7, matches configuration (K);

7. matches configuration (7);

7, matches configuration (F').
I45 Thereare 0 <b<c<d<e< f <1, aé€ (c,d)J(f,1] such that:

);
)
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e if x € (¢,d), © # a, T, matches configuration (D);
o if v € (d,e), 7, matches configuration (A);

e if v € (e, f), 7. matches configuration (B);

e if v € (f,1], x # a, 7, matches configuration (D);
e 7, matches configuration (H);

e 7, matches configuration (J);

e 7. and 7; match configuration (K);

e 7, matches configuration (I);

e 7. matches configuration (F).

146 Thereare 0 <b<c<d<e< f<g<1, ac€ (¢d)J(e, f) such

that:
e if v € [0,b), 7, matches configuration (C');
e if v € (b,¢), T, matches configuration (B);

¢,d), 7, matches configuration (D);
) );

e f

[0
(b
(
e if v € (d,e), 7, matches configuration (A);
(e, f)
(f,9), T matches configuration (B);

, T matches configuration (D);
(

e if x € (g,1], 7, matches configuration (C);
e 7, matches configuration (H);

e 7, and 7, match configuration (J);

e 7. and 7; match configuration (K);

e 7, and T, match configuration (F).

P10([0,1]*> This possibility asserts that all the leaves of F are hyperbolas,
excepting by one of them which is a plane. Thus, beside the truncated
foliations provided by P3, we obtain the various degenerated ones.
Replacing 7, matches configuration (B) by T, matches configuration
(E) in each the statement of each of the truncated foliation presented
in the analysis of P9, we get the firsts fourteen of P10. In addition, we
have:

I61 For all z € [0, 1], 7, matches configuration (L).
162 For all z € [0, 1], 7, matches configuration (M).
163 For all z € [0, 1], 7, matches configuration (V).
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2.1.2 Analyzing the combinations of foliation

The purpose of this section is to illustrates how obtain all the possible com-
binations (I;, I;, I};) of truncated foliations. To achieve this, we shall rely on
the results previously obtained for combinations of entire foliations. In our

U,

analysis we will assume that the coordinate “x” varies from front to back,

[T

the “y” varies from left to right, and the “z” varies from bottom to top.

(P2, P2, P2) In this case, the general equation becomes by+ bz +boy+bzz =
0, by, b9, b3 # 0, and hence any solution of this equation is a plane.

Let us begin by assuming that I1 appears in the combination; for
instance, consider that the truncation of F} leads to I1. This means
the for all value of € [0, 1], the surface intersects exactly a vertical and
an horizontal edges of the square 7,. To simplify the analysis, suppose
that the surface intersects the bottom and the right edges of 7,. (To
fix ideas, we always assume that along this section.) Thus, when we
analyze the truncation of Fj,, two situations may occur: (a) the surface
intersects 79 (y = 0!) at a bottom vertex, and (b) the surface does
not intersect 7. In the case of (a), the truncation of F, either is /1
or I3 depending on whether the surface contains the diagonal of the
bottom face of the cube or not. If the truncation of F), is I1, then the
truncation of F), either is I1 or I4, depending on whether the surface
contains the point (0,1,1) or not; but if the truncation of F, is I3,
then using a similar argument we can conclude that the truncation
of F, either is I3 or I5. We thus get the combinations (I1,11,11),
(I1,11,14), (I1,13,13), and (I1,13,15). Now, in the case of (b), the
truncation of Fj either is /4 or I5, depending on whether the surface
contains the point (1,1,0) or not. If the truncation of F), is 4, then
the truncation of F, either is /1 or /4 according to whether the point
(0,1,1) lies in the surface or not. Now, if F, is I5, then in view of the
same statement we can deduce that the truncation of F, either is I3 or
I5. Thus, we obtain three new combinations: (I1,13,14), (I1,14,14),
and (11, 15,15).

Suppose now that the truncation of F, is I2. In this case it is not
difficult to see that both the truncation of F}, and the truncation of F
are 2. This contributes with a single combination, namely (12, 12, 12).

Consider that the truncation of F, is I3. There is no restriction of
generality in assuming that in the squares 7, with configuration (B),
the surface intersects the bottom and the right edges; and in the squares
7, with configuration (C), the surface intersects the vertical edges. It
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is not difficult to see that the truncation of F, uniquely admits the
possibilities 71 and I3 according to whether the point (0, 1,0) belongs
to the surface or not. If the truncation of F), is /1, then the possibilities
for F, are I3 and I5 and hence no new combinations are obtained. If
the truncation of F, is I3, then depending on whether the point (1,1, 1)
is in the surface or not, we get that the truncation of F, is I3 and I5,
respectively. We thus get two new combinations, namely (3,13, 13)
and (13,13,15).

Consider now that the truncation of F, is I4. There is no loss of
generality in assuming that the squares 7, with combination (B) are
intersected by the surface at the bottom a right edges. Thus, the family
of squares 7, x € [0, 1] is such that the firsts squares are intersected at
the bottom and right edges, then appears a square that is intersected
by the surface at a unique point, namely the point corresponding to
y = 1 and z = 0, and the remaining squares have intersection empty
with the surface. From this, it is not hard to see that the truncation of
F, to be either I1 or I4. Doing a similar reasoning, we can deduce in
both cases the truncation of F), either is I1 or I4. Thus, the only new
combination we obtain this time is: (14,14, I4).

Let the truncation of F, be I5. Assume, without loss of generality,
that in the squares 7, with configuration (B), the surface intersects the
bottom and the right edges; and in the squares 7, with configuration
(C), the surface intersects the vertical edges. In this way we obtain
that the family of squares 7, « € [0, 1], is such that the firsts squares
are intersected by the surface at the vertical edges, these are followed
by squares intersected by the surfaces at the bottom and right edges,
then we find a square uniquely intersected at the point corresponding
toy =1 and z = 0, and the final squares have no intersection with the
surface. Thus, we can verify without much of effort that the truncation
F, can only be I1. This implies that the truncation of F, either is /3
or 15, depending on whether the surface contains the point (0, 1,1) or
not. This gives no new combinations.

Finally, using the fact that the solutions of the equation by+ bz +boy +
b3z = 0, by, by, b3 # 0, is plane, we can deduce without much of effort
that there is no combination containing any of the truncations 16 — I8.
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2.2 The configurations of the cube

In this section we list all the possible cases with null vertices and their re-
spective solutions. It is known from [11] that the number of cases when null
vertices are allowed is 147. Here we ratify this result. The cases without null
vertices are fifteen and were exhibited in [3]. To avoid unnecesary repetions,
we omit them in our presentation, however we begin the enumeration of our
cases in 15 to indicate that those are the firts of the list.

@
o +

+ +

@+
o |

+ +

@
o +

+

@+
o +

Case 15 Case 16 Case 17 Case 18

+ +

®+
o |

+

®+
o |

+ |

@+
o |

Case 19 Case 20 Case 21.1 Case 21.2

By
%
i
&

Case 22 Case 23 Case 24.1 Case 24.2

+

o +
+ |
@ ‘
o +
+

Case 25 Case 26 Case 27 Case 28

@
o +

@
o +

| +

@ ‘
o +

@
o +

Case 29:1 Case 29:2 Case 30.1 Case 30.2

Instituto de Matematica Pura e Aplicada 46 March 10, 2013



Jyrko Correa-Morris

Marching Cubes

0

+ +
@+

Case 3i

| +
+
o

Case 35

@

Case 38

‘.-*i

Case 42

®+

Case 44.3

+ + +

+ - +
+ + +

0 0
0 0 0

Case 47

Case 32

Case 36

Case 39

Case 43

Case 44.4

Case 48

+ +
+ +
+
0
+ o
0 0

Case 33

+ + +
+ +
0 0
4 _
0 0

Case 37.1

Ly R

Case 40

N =

Case 44.1

5 -
- - +
0 0
+ +
0 0

Case 45

Case 4§

o

| +
@ I
o +

o

@

o

o +
@+
o +

+ +
@ ‘
o +

Case 34

Case 37.2

Case 41

o

Case 44.2

Case 4é

o +
®+
o +

Case 56

Instituto de Matematica Pura e Aplicada

47

March 10, 2013



Jyrko Correa-Morris

Marching Cubes

g

EL
@7

S
S

Case 5i Case 52.1

S +

@
o +

S +

@+
Sy

Case 53.2 Case 54

o +

@+
S} +

o |

@+
S

Case 5% Case 5é

N

"

@

Y|

ISy

N

Case 66 Case 6i

+ o
@+
o +
+
@+
o +

Case 64 Case 65;

®

Case Gé Case 6é

5

@

o

+
@+
+

o

@

o

+
@+
+

®+

Case 52.2

Case 55_)

®+

Case 59?1

Case 62

Case 6(;

Case 70

)
4

i"h
- ‘

Case 53.1

o +
@+
o +

Case 56

N

| 4

—_

0

Case 59:2

+ o
@+
o +

Case 6i;>

+
@ ‘
o +

Case 6%

o +
@+
o +

Case 71

Instituto de Matematica Pura e Aplicada 48

March 10, 2013



Jyrko Correa-Morris

Marching Cubes

S +
@ |
|

Case 76

@

Case 80.1

+ o
@ |
+
|

Case 82

+ o
@+
+

Case 86

+ o
@ ‘
+

Case 90

o +
@ ‘
o +

Case 73

S +
@+
+

Case 77

o |
@ |
S |

Case 80.2

S

AN
|

Case 83

@@

Case 87

o +
@o
o +

Case 91

o

+
@+
+

o

@

3 o +
@ I
¥

+

r

o

+
@o
+

Case 74

Case 78

Case 81.1

Case 84

@

y
N

Case 88

Case 9é

o

@@

Case 75

o +
@ |
|

Case 79

o +
@ I
5 +

Case 81.2

+ o
@ ‘
o +

Case 85

i

Case 89

o +
@C
o +

Case 93

Instituto de Matematica Pura e Aplicada

March 10, 2013



Jyrko Correa-Morris

Marching Cubes

S +
@O
o +

Case 94

+ o
@ |
o |

Case 98

o

@

Case 102.1

0

>
\

-

Case 105

o o
@+
o +

Case 109

S o
@ ‘
o +

Case 113

S |
@ |
o |

Case 95

S +
@+
+

Case 99

S

o +
@O
o +

‘:

-
A

Case 102.2

o +
@o
S +

Case 106

=Y o
@ ‘
o +

Case 110

S o
.‘
o |

Case 114

5

+
@ |
o |

Case 96

+
@ I
o +

Case 100

Case 103

=Y |
@ |
o |

Case 107

@+
o +

Case 111

+

o

DNIAN
]

0y

Case 115

o |
@O
o +

Case 97

@

Case 101

+
@O
+

Case 104

= +
%o
'

Case 108

o =3
@ ‘
o +

Case 112

o

Nle
Wi\

Case 116

Instituto de Matematica Pura e Aplicada

March 10, 2013



Jyrko Correa-Morris

Marching Cubes

S +
@ |
o |

Case 117

¢

Case 121

+ o
@ |
S} [

Case 125

rx
]

S}

A

Case 129

4
X/

Case 133

+ o
@ ‘
o o

Case 137

@+

Case 118

o

4

+ o
@O
o +

Sy

S

ﬁk

Case 12_2

o +
@+
S

Case 126

o

4

Case 130

o

’jo
»

Case 134

o}

0
|
0 !\E ;

Case 138

4
by
i

Fh

Case 119

Case 123

o +
@ I
o o

Case 127

o

:lj
b

Case 131

Case 135

o}

@o
o +

o

Case 139

IS}

o

A

Case 120

| o
@ |
+

Case 124

o |
@ |
5 o

Case 128

o

o

DVIAN
i
NN

Case 132

+ =3
@+
o o

Case 136

o

o

“k
N
N

Case 140

Instituto de Matematica Pura e Aplicada

March 10, 2013



Jyrko Correa-Morris Marching Cubes

0 0 0 0

NS

Case 141 Case 142 Case 143 Case 144

ANAN

0,
0
+

+ 0

Case 145 Case 146

2.3 The Marching Cubes algorithm: an ad-
vancement

In this section, we introduce an improvement of the algorithm proposed
by Nielson in [2], which in turn constitutes an improvement of the origi-
nal Marching Cubes method. The implementation of our algorithm is based
on that proposed by Lewiner et al. [3].

2.3.1 General description of Marching Cubes method

The Marching Cubes method yields a triangle mesh of the preimage f~*(c)
of the real value c by the scalar function f : R* — R which is sampled over a
cuberille grid. The method processes one cube at a time, tiling in each case
the portion of the surface contained in the current cube. Each vertex v has
either assigned a positive or negative sign accordingly to the sign of f(v) — ¢,
which leads to 2% = 256 possible configurations of a cube.

The purpose of the algorithm is to produce a surface homeomorphic to
F~Y(c), where F matches with f at the vertices of the cuberille, and is
trilinear within each cube of the grid. To avoid cracks, the method performs
topological tests on ambiguous faces of a cube. The same test should be done
on the contiguous cube in order to attain a coherent transition from a cube
to the other.

The usual test to solve face ambiguities was introduced by Nielson et
al. [4] and consists of verifying which of the two pairs of diagonally-opposed
vertices of the cube has the same sign as the middle point of the cube. The
resolution of face ambiguities assures the no presence of cracks. However,
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to accomplish an appropriate solution in the afore-mentioned sense, we also
need to solve internal ambiguities. In this regard, Lewiner et al. introduced
a plausible technique based on an extended lookup table and an enhanced
analysis of each cube [3].

2.3.2 Our algorithm

As we mentioned before, our algorithm is an improvement of the version
presented by Lewiner et al. in [3]. This algorithm is mainly based on three
tables: the configuration table, the test table, and the tiling table. The
configuration table has 256 entries, each one of them represented as an 8-bit
word in the following way: the ith bit is equal to 1 (resp. 0) if f(v;) —¢ >0
(resp. < 0), where v; is the ith vertex of the cube. The labels for the vertices,
edges, and faces of the cube are respectively the followings.

7 6 6
4 5 [V’ 6
I 10 3

3
0 1 0

The 256 entries of this table are grouped into 15 equivalence classes that
result of the action of the direct product of the group of symmetries of the
cube and group of permutations of the set {0,1}. We refer to these classes
as cases. The test table contains the information about the topological tests
which are eventually performed on the faces and on the interior of a cube in
which is present some kind of ambiguity. The table also stores the label of
each face to be tested, and maps the results of those tests to the corresponding
subcase. The solution of each subcase corresponds to one of the entries of
lookup table presented by Nielson in [2].

Broadly speaking, the algorithm works as following:

For each cube of the grid,

1. Determine the case number and the configuration number.
2. Lookup which test should be performed for this configuration.

3. Determine the corresponding subcase based on the result of the test.

W

. Lookup the tiling of the configuration for this subcase.

Our algorithm expands this by adding the possibility of assigning the
value 0 to any vertex of the cube. Lewiner’s algorithm, as well as all the
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versions of the original algorithm, assumes that the surface never passes
through a vertex of the cube. A reason to do this is that when f is a
truly real-valued function, the probability of the isosurface passing through
a vertice of the grid is zero. However, when the function takes value in a
countably set, the isosurface may touch many vertices of the grid with non-
zero probability. So, taking into consideration the fact that in preactices we
often find interger-valued isosurface leads to a much more robust algorithm
with an extensive lookup table. The configuration table has 3% = 6561 entries
represented as 8-trit words in which a bit corresponding to the ¢th vertex v;
of the cube is 0, 1, 2 if f(v;) — ¢ is zero, positive, and negative, respectively.
In this case the group of equivalences produces 147 orbits instead of 15.

The test table does not require to be modified. Vertices with zeros does
not lead to new internal ambiguities. This is formalized in the following
lemma.

Lemma 7. 1. Let C be a signed square in which at least a vertex is zero.
Then, C' does not present ambiguity.

2. Let C be a signed cube in which at least a vertex is zero. Then, C' does
not present internal ambiguity.

Proof. The proof follows from the fact that if two vertices can be connected
through a tunnel, let us assume without restriction of generality that they
are positive, then it is impossible to connect them by a sequence of positive
or null vertices. Let us call this kind of sequence of admissible path, for
short. Assume that Ay and A; are two the endding points of an internal
diagonal of the cube with positive sign. Let A, be a null vertice of the cube.
Notice that in dimension two A, is adjancent to both vertices Ag and Ay, and
consequently it is always possible to connect these vertices by an admissible
path. Now, in dimention three, A, is adjacent to only one of the vertices Ay
and A;. To fix ideas, let us say that there is an edge of the cube connecting
Ay and Ap. If there is no admissible path connecteing Ay and A;, then we
have one of the following configurations:

— + — +

F F -
0 — 0 —

The reader can easily verify its own or with the aid of the list of solutions

given at the end of the previous chapter that none of the possible solutions
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of these configurations presents a tunnel. O

The solution of each case and subcase correspond with some of the entries
of the list exhibited in the last section of the previous chapter.
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CHAPTER 3

Linear Interpolation in R*: A coarse classification

Here we proceed in a similar manner as we did in Chapter 1. Our main goal
is to give a complete classification of the solutions of the linear interpolation
equation:

P(z,y, z,t) =bg + b1z + boy + b3z + byt + bsxy + bgzz + byt + bgyz + byt

+ biozt + biixyz + bioxyt + bizxzt 4+ biyyzt + biszyzt = 0,
(3.1)

where all coefficients are real numbers. The equivalences are defined as
algebraic isomorphisms @ : R* — R* given by ® = oo, where ¢(z,y, z,t) =
(ax+e,by+ f,cz+g,dt+h) (a,b,c,d # 0) is a diagonal isomorphism, and o
is a permutation of the set {z,y, z,t}. We said that two solutions S and S’
of Equation (3.1) obtained from the polynomials P and P’, respectively, are
equivalent if and only if there exists an equivalence ® such that P" = CPo®,
for some real constant C'.

Let Poy(z,y,2,t) = Bo+ Bix + Boy + b3z + Byt + Bszy + Berz + Brat +
Bgsyz + Boyt + Bigzt + Biixyz + Brsxyt + Bisxzt + Biyyzt + Bisxyzt. We
have the following relations:
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Bis =

b() + ble + bgf + b3g + b4h + b5€f + b6€g + b7€h + bgfg + bgfh +

blogh + b11€fg + b12€fh + blgegh + b14fgh + b15€fgh.
a(by + bsf +bgg + brh + by fg + bia fh + bisgh + b5 fgh.

b<b2 + b5€ + bgg + bgh + bneg + blgeh + b14gh + bl5egh).
C(bg + b6€ + bgfbl()h + b11€f + blgeh + b14fh + b15€fh).

d(bs + bre + by f + biog + bizef + bizeg + biafg + bisefg).

ab(bs + b11g + biah + bisgh).
ac(bg + b1 f + bish + bisfh).
ad(by 4 biaf + bi13g + bisfg).
be(bs + byie + bigh + biseh).
bd(bg + bise + b14g + biseg).
cd(big + bise + biaf + bisef).
abc(byy + bish).

abd(bi2 + b159).

acd(biz + bisf).

bed(byy + bise).

abedbs.

© 0 ~J O Ot = W N

Also as we noted earlier, the sequence of coefficients of P o ¢ is a permu-
tation of the sequence of coefficients of P. The following table contains the
case of the generator permutations ,y, 04z, O, Oyz, Oy, and 0.

Table 3.1: Coefficient permutations.

P bo b1 by b3 by bs bs by bs by Do by bz bz by bis
Po Ogy bo by by bz by bs bg by bs by by b bz by bz bis
Poo,, by by by by by bs bsg big bs by by by by bz bz by
Pooy, by by by by by by big by b bs bg by bz biz by bis
Po Oyz bo by by by by bs bs by by by by bin biz bia by bis
Po Oyt bo b1 by bz by by bs bs big by bs b1z bia by by bis
Poo, by by by by by bs by b by bg big bz by bz by bis
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3.1 The invariants

Next, we annunciate some important basic results which constitute the anal-
ogous of Lemmas 1-4 in dimension 4. To avoid tedious repetitions, we omite
the proofs.

Lemma 8. Let S be a solution of the equation P(x,y,z,t) = 0. The in-
tersection of S with an arbitrary hiperplane normal to a principal axe is a
solution of the tree-dimensional case.

Lemma 9. All the leaves of the foliation Fy, except at most for three, are
equally classified as a solution of a three-dimensional case.

Lemma 10. the foliations Fp and p(Fp) are equally distributed.
Corollary 5. The distribution of the foliation Fy of S is an invariant.

Corollary 6. The combination of distributions of the four foliations of S is
an invariant.

3.2 A bit of algebra

The goal of this section is to analyze the solutions of a linear system whose
coefficients are polynomials of degree 1. In other words, we wish to know
whether a system

{ (A+ Bx)+Y(C+ Dx) =0 (3.18)

(E+ Fz)+Y(G+ Hz) =0

in the variable Y is compatible or not by attending not only to Y, but the
values of the parameter x. The results that we shall present in this section
play a main role in the analysis that we will perform in the next section.

By virtue of the Kronecker-Capelli’s Theorem, we can assert that this
system is compatible if and only if the matrixes

= (G120 ) s (12 CTE7) (10 o)

have the same rank.

For each value of z, the rank®(x) is either 0 or 1. Since all non-identically
null coefficient of ®(x) vanishes at most once, we have the following alterna-
tives for rank®(x):
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1. rank®(z) = 0, for all x € R. This happens if and only if C = D =G =
H=0

2. rank®(z) =1, for all z € R — {z}, and rank®(z() is 0. This occurs if
and only if z( satisfies both equations C' + 2D = 0 and G+ xH = 0.

This amounts to say that at least one of the coefficients D and H is
non-null, and there is a € R such that (C, D) = o(G, H).

3. rank®(x) = 1, for all x € R. This alternative arises if and only if there
is no real value satisfying simultaneously the equations C'+xD = 0 and
G 4+ xH = 0. This equivals to say that at least one of the coefficients
C and G is non-null, and for all « € R, (C, D) # o(G, H).

Suppose that rank®(z) = 0 for all # € R. The rank®(x) can be:

(a) 0, for all value of x € R. In this case A= B = F = [ = 0, and System
(3.18) is compatible for all real value of .

(b) 1, for all z € R — {21}, and rank®(z;) = 0. In this case there exists
B € R such that A = B and F = (I, and System (3.18) is only
compatible for z = z;.

(c) 1, for all z € R. This situation emerges when none of the conditions
above holds, and in this case System (3.18) is incompatible for any real
value of x.

Now assume that rank®(z) = 1 for all z € R — {z0}, and rank®(zo) = 0.
This gives the following possibilities for rank®(z):

(a) rank®(z) = 1 for all # € R — {z0}, and rank®(z) = 0. This happens
if and only if there exists a real number § such that I'(z) = f®(z). In
this case System (3.18) is compatible for all real value of z.

(b) rank®(z) = 1 for all z € R. This situation appears if and only I'(z)
is constant, and there exists a non-constant linear function g(z) such
that ®(x) = g(z)I'(z). In this case System (3.18) is compatible for all
x € R —{z0}, and incompatible for z = x.

(c) rank®(z) = 2 for all # € R — {z}, and rank®(z,) = 1. This situation
emerges if and only if the coefficients of I'(z) do not vanish at the same
time. In this case the system (3.18) is incompatible for any value of x.
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(d) rank®(z) = 2 for all z € R — {zg,x1}, 2o # x1, and rank®(zy) =
rank®(z;) = 1. This occurs if and only if the coefficients of I'(z) vanish
at z1 and the coefficients of ®(z) do it at xy. In this case System (3.18)
is uniquely compatible for x = x;.
Finally, consider that rank®(x) = 1 for all z € R. The possibilities for
rank®(z) are the following:

(a) rank®(z) = 1 for all z € R. This situation arises when there exists a
real constant [ such that I'(x) = ®(z). In this case System (3.18) is
compatible for all real value of x.

(b) ranké(m) = 2 for all z € R. This occurs if and only if for any linear
function g(z), I'(z) # ®(z). In this case System (3.18) is incompatible
for all real value of x.

(c) rank®(z) = 2, for all # € R — {x,}, and rank®(zy) = 1. This occurs if
and only if the coefficients of I'(z) vanish at xy. In this case System
(3.18) is only compatible for 2 = 0.

Summarizing, we have that System (3.18) is:

1. compatible for any real value of z: rank®(x) = 0 for all z € R, situation
(a); rank®(z) = 1 for all x € R — {x¢}, situation (a); rank®(x) = 1 for
all z € R, situation (a).

2. compatible for any real value of x, except for a unique value: rank®(z) =
1 for all z € R — {x}, situation (b).

3. compatible for a unique value of x: rank®(z) = 0 for all x € R, situa-
tion (b); rank®(z) = 1 for all z € R—{xo}, situation (d); rank®(z) = 1
for all z € R, situation (c).

4. incompatible for any real value of x: rank®(z) = 0 for all = € R, situa-
tion (c); rank®(z) = 1 for all x € R—{x}, situation (c); rank®(z) =1
for all z € R, situation (b).

3.3 Foliation in 4D: a coarse classification

Having disposed of these preliminary steps, we are now able to introduce the
detailed list of all possibilities for F}.. The characterization of each possibility
is based on the factorization
P(z,y,z,t) =(bo + biz) + (by + bsx)y + (b3 + bex)z + (by + brz)t

-+ (bg -+ bllx)yz + (bg + blg)yt + (blo + blg)zt + (b14 + b15a:)yzt,
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which, in order to use the classification of the three-dimensional case, we
rewrite in the three following forms:

[(bo + b1z) + y(by + bsx)] + [(bs + bex) + y(bs + bi1x)]z + [(bs + brz)
+ y(bg + biox)|t + [(b1o + b13x) + y(b1g + bis5x)]2t.

[(bo + b1z) + 2(bs + bgz)] + [(b2 + bsx) + 2(bs + buux)]y + [(bs + br)
+ 2(bio + bi3x)]t + [(bg + b12x) + 2(b14 + bis2)]yt.

[(bo + biz) + t(bs + brz)] + [(b2 + bsx) + t(bg + bioz)|y + [(bs + bex)
+ t(b1o + bi3w)]2 + [(bs + bi1w) + t(bia + bis7)]y2.

Each possibility is described by attending to the classification of its leaves
as solutions of the three-dimensional case and using the result presented in
the previous section. Because the analysis of all cases is very extensive, we
shall exibit the first cases in order to illustrates the procedure. The remaining
ones can be found in Appendix.

Predominance of C'1

P1 All the leaves being C'1. This only occurs when by # 0, and all remaining
coefficients are null.

P2 All the leaves being C'1, except for one of them which is C'11. This case
appears when b; # 0, and for all i > 2, b; = 0. (There is no restriction
on by.)

Predominance of C2

P3 All the leaves being C'2. This case emerges when bg = by = bjg = b1 =
bia = b1z = by = b5 = 0, and at least two of the conditions (a) by # 0
and bs = 0, (b) b3 # 0 and bg = 0, and (c) by # 0 and by; = 0 are
satisfied.

P4 All the leaves being C'2, except for one of them which is C'1. This occurs
when bg = by = byg = byy = bis = biz = by = b5 = 0, and there
exists a value xy such that by 4+ bsxg = bg + bgxg = by + byxg = 0, but
bo + bll'() 7& 0.

P5 All the leaves being C2, except for one of them which is C'11. This occurs
when bg = bg = bl() = bll = b12 = blg = b14 = b15 = 0, and there exists
a value o such that bo + bll’o = bg + b5ZE0 = b3 + bﬁl’o = b4 + b7l‘0 = 0.
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Predominance of C3

P6 All the leaves being C'3. This case appears when b; = by = by = by; =
b12 = b13 = 614 = b15 = O, and b4 and bg are non-null.

P7 All the leaves being ('3, except for one of them which is C2. b; = by =
blO = b12 = 1)13 = b14 = b15 = 0, b4 7& 0, and there exists an only value
xg such that bg + by1zg = 0, and either by 4 bszg # 0 or bs + bgxg # 0.

P8 All the leaves being C3, except for one of them which is C'4. This occurs
when b7 = bg = blO = b12 = b13 = b14 = b15 = 0, b4 7é 07 and there exists
a unique value xy such that by + bsxg = b3 + bgrg = bg + b11x9 = 0.

P9 All the leaves being C3, except for one of them which is C'9. This
possibility emerges when by = b; = by = byg = by = b = b1z =
by = b5 = 0, bg # 0, and there exists an only value zy such that
by + byxy = 0, and the equations bgzg + Xbs = 0 and (be + bsxg) +
Xbg = 0 have respective solutions which do not satisfy the equations
(bo+b120) + X (be +bszg) = 0 and (bg+ byzo) + Xbsrg = 0, respectively.

P10 All the leaves being C'3, except for one of them which is C'10. This
possibility emerges when bg = by = byy = bio = bz = by = b5 = 0,
bs # 0, and there exists an only value xq such that by + b;xo = 0, and
the equations bgxg + Xbs = 0 and (be + bsxo) + Xbs = 0 have respective
solutions which satisfy the equations (bg+ b1xo) + X (bs + bsxg) = 0 and
(bo + b1zo) + Xbgxo = 0, respectively.

P11 All the leaves being C'3, except for two of them of which one is C'4 and
the other is C9. This occurs when by = by = byo = b3 = by = b5 =0,
and there exist different values zo and z; such that: (a) by + brzg # 0,
and bQ + b5l‘0 = b3 + bﬁ$0 = bg + bnxo = O, and (b) bg + b11$1 7é 0,
b4 + b7l’1 = 0, and the equations (bg + bGZL'l) + X(bg + 611131) =0 and
(bg + bsx1) + X (bg + bi11) = 0 have respective solutions which do not
satisfy the equations (by + byz1) + X (by + bsz1) = 0 and (by + byzq) +
X (b3 + bgx1) = 0, respectively.

P12 All the leaves being C3, except for two of them of which one is C4
and the other is C'10. This possibility emerges when by = b1g = b1y =
bi3 = b1y = bis = 0, and there exist different values xy and x; such
that: (a) b4 + b7LL’0 75 O, and bQ + b5x0 = b3 + bﬁl’g = bg + bnl’o = 0,
and (b) bg + byyz1 # 0, by + byx; = 0, and the equations (bs + bgz1) +
X (bg + byiry) = 0 and (be + bsx1) + X (bs + biyz1) = 0 have respective
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solutions which satisfy the equations (b +b1x1) + X (ba+bsz1) = 0 and
(bo + byxy) + X (bs + bgx1) = 0, respectively.

P13 All the leaves being C'3, except for two of them of which one is C2 and
the other is C9. This occurs when bg = blO = b12 = b13 = b14 = 615 = 0,
and there exist distinct values xy and 7 such that: (a) by + brxg # 0,
bs + biizg = 0, and either by + bszg # 0 or by + bgzry # 0, and (b)
bs + biixy # 0, by + by = 0, and the equations (bs + bgxy) + X (bs +
biizy) = 0 and (by + bsz1) + X (bs + b1121) = 0 have respective solutions
which do not satisfy the equations (by + byz1) + X (ba + bsx1) = 0 and
(bo + byxy) + X (bs + bgx1) = 0, respectively.

P14 All the leaves being C3, except for two of them, one of which is C2
and the other is C'9. This case appears when by = bjg = bia = b3 =
b1y = bys = 0, and there exist distinct values zg and x; such that: (a)
b4 + b7{['() 7é 0, bg + b11I0 = 0, and either bg + b5$0 7é 0 or b3 + bﬁﬂfo 7& 0,
and (b) bg + bj1z1 # 0, by + byx; = 0, and the equations (b + bgz1) +
X (bg + by1x1) = 0 and (bg + bsz1) + X (b + b111) = 0 have respective
solutions which satisfy the equations (b + b1x1) + X (ba+bsz1) = 0 and
(bo + byxy) + X (bs + bgx1) = 0, respectively.

3.4 A primary marching hypercubes algo-
rithm

This section introduces a basic algorithm to solve the problem in di-
mension four.

3.4.1 General description

The algorithm we present here is restricted to configurations not pre-
senting null vertices nor internal ambiguities. Roughly speaking, the
algorithm proceeds as following:

For each hypercube of the grid,

1. Determine the case number and configuration.
2. Lookup which test should be performed for this configuration.

3. Determine the corresponding subcase based on the result of the
test.
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4. Lookup the tiling of the configuration for this subcase.

The algorithm is mainly based on three tables: the configuration table,
the test table, and the tiling table. The configuration table stores the
216 = 65536 possible configurations for a hypercube in a matrix whose
entries are words of 16 bits, one for each vertex of the hypercube. Each
bit can be 0 or 1 accordingly to the sign of f at the corresponding ver-
tex. In this case the group of symmetries and the group of permutations
of the set {0,1} lead to 222 orbits. We refer to these orbits as cases.
In other words, a clase is a collection of equivalent hypercube config-
urations. The test table stores for each case the test to be performed
to resolve topological ambiguity in each configuration. This table also
maps the result of each test into the corresponding subcase. The tiling
table stores the solution for each subcase. For this primary algorithm,
the hypercubes are tiled by triangles that form tetrahedra. For visu-
alization purposes, the vertices of the triangle are either middle points
of the edges of the hypercube or a middle point of a three-dimensional
face of the hypercube. The input of the algorithm is a four-dimensional
signed grid over which the scalar field f was sampled; and the output
is a triangulated surface homeomorphic to F~!(c), where F' matches f
at the vertex of G and is 4-linear within each hypercube.

3.4.2 Constructing the first and second tables

The configuration table is constructed by using GAP (Groups, Algo-
rithms, and Programming), a free software containing numerical pack-
ages for computacional group theory [27].

The first step is to create the shapeGroup, colorGroup, and coloring-
Group for dimension four and two colors. Here the word colors is used
to mean the signs of the vertices of the hypercube.

n:=4;; // 4 dimensions
k:=2;; // 2 classes (+,-)
shapeGroup := WreathProductProductAction(SymmetricGroup(2),

SymmetricGroup(n));;
colorGroup := Group (PermList (Reversed ([1..k])));;
coloringGroup := DirectProduct (shapeGroup, colorGroup);;

Once the result is obtained, we build projection operators to extract
these groups back from their direct product.
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shapeProjection := Projection (coloringGroup, 1);;
colorProjection := Projection (coloringGroup, 2);;

The next step is to obtain the list of colors and colorings, taking the
result from GAP.

numVerts := 27°n;;

coloredVerts := ListWithIdenticalEntries (numVerts, [1..k]);

( [1..2], [t1..2], [1..2], [1..2], [t1..2], [1..2], [1..2], [1..2],
(1..2], [1..2], [t1..2], [1..2], [1..2], [t1..2], [1..2], [1..2] ]
colorings:= Cartesian (coloredVerts);

Now, we use the function below to produce the action of the group
element on a coloring.

action := \textbf{function} (coloring, groupElement)
\textbf{local} shapePerm, shuffled, result;

shapePerm := Image (shapeProjection, groupElement);
colorPerm := Image (colorProjection, groupElement);
shuffled := Permuted (coloring, shapePerm);
result := On Tuples (shuffled, colorPerm);
\textbf{return} result;

\textbf{end};;

Finally, we use gap to obtain the orbits of the previous action.
orbits := OrbitsDomain (coloringGroup, colorings, action);

To construct the second table we store the label of the ambiguous bi-
dimensional faces of each configuration and considered all the possible
combinations of signs for such faces. This leads to a huge table which
is shortened when the tiling table is created in the following way: if for
some combination of signs of the ambigue faces of a given configuration
we are not able to exibit a solution, then this combination of signs is
removed from the table.
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3.4.3 Constructing the third table

To construct the tiling table we splite the hypercube into its 8 three-
dimensional faces and used the Lewiner’s algorithm (see Chapter 3,
Section 1) to obtain a tiling of each one of these faces. We denote the
1th three-dimensional face of the hypercube by F;. The respective cor-
respondences between the vertices, edges, and faces of each F; and the
vertices, edges, and faces of the three-dimensional cube are detailed in
Tables 3.2, 3.3, and 3.4, respectively. Once the solution of each of the
eigth three-dimentional faces is produced, we concatenate them remov-
ing repeated triangles. It is worthy to mention that in some cases the
tetrahedralization is not complete becuase connections between ver-
tices belonging to different three-dimensional faces have not yet been
exploited.

Table 3.2: Correspondence between vertices.

o1 2 3 4 5 6 7
F1. 01 9 8 2 3 11 10
F2 4 5 13 12 6 7 15 14
F3 4 0 8 12 6 2 10 14
F4 1 5 13 9 3 7 15 11
F5 4 5 13 12 0 1 9 8
F6 2 3 11 10 6 7 15 14
Fr 8 9 13 12 10 11 15 14
F§8 01 5 4 2 3 7 6

Table 3.3: Correspondence between edges.

o 1 2 3 4 5 6 7 &8 9 10 11 12
F1. 0 17 8 16 2 18 10 19 3 1 9 11 32
F2 4 21 12 20 6 22 14 23 7 5 13 15 33
F3 24 16 28 20 25 19 29 23 7 3 11 15 34
F4 26 21 30 17 27 22 31 18 1 5 13 9 35
F5 4 21 12 20 0 17 8 16 24 26 30 28 36
F6 2 18 10 19 6 22 14 23 25 27 31 29 37
Fr 8 30 9 28 10 31 14 29 11 9 13 15 38
F§8 0 26 4 24 2 27 6 25 3 1 5 7 39

Instituto de Matematica Pura e Aplicada 66 March 10, 2013



Jyrko Correa-Morris

Marching Cubes

Table 3.4: Correspondence between faces.

o 1 2 3 4 5
F1. 6 2 5 1 3 4
F2 12 7 11 8 9 10
F3 16 1 15 8 13 14
F4 20 7 19 2 17 18
F5 22 17 21 13 9 3
F6 24 18 23 14 4 10
Fr 5 19 11 15 21 23
F8 6 20 12 16 22 24

3.4.4 The hypercube’s cases

In this section we show the tiling for the configuration 0 of each case.
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Concluding Remarks and Future Works

This thesis presented two new algorithms for constructing isosurface in
dimensions three and four which have as guiding philosophy the march-
ing cubes methodology with our proposal of analysis through foliations.
To achieve efficient algorithms, we needed to study the topology of the
isosurfaces associated to n-linear functions, for n = 3,4. In dimension
three, we were able to present a complete classification of such isosur-
faces, which was extremely useful to determine all possible cases for the
improved algorithm. This contribution solves the problem in dimen-
sion three, at least from the point of view of robustness. Improvements
to the algorithm in order to accelerate the execution time are always
welcome

In four dimensions the situation is somewhat different. We took the first
steps in this open field using foliations. We show a partial classification
of the isohypersurface and introduce a primary algorithm which we
plan to expand and improve in a short time. The principal drawback
of the algorithm in the current form lies in the way that the tiling table
was constructed. For each configuration of signs of the hypercube, we
obtain the solution of each one of its three-dimensional faces by using
the Lewiner’s version of the marching cubes algorithm. The solution
for the hypercube is given by concatenating these partial solutions,
eliminating at the same time recurrent triangles. In some occasions
this way produces an incomplete tetrahedralization of the solution.

To solve this problem, our major challenge is to obtain a complete
classification of the solution of the equation f(x,y, z,t) = 0, where f is
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a fourth-linear function. We have obtained the basic classification by
attending to the foliation that the solution produces when is intersected
with planes perpendicular to a given axis. By studying how the possible
foliations can be combined together in a same solution, we will have
the complete classification.

With the classification at hand, we would have a representative solution
for each marching hypercube case and thereby we will able to produce
a correct tetrahedralization for it.
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P16

P17

P18

Appendix

Predominance of C4

All the leaves being C'4. This possibility arises when for all ¢ > 2, ¢ # 4,
b; = 0. (There is no restriction on by and by).

All the leaves being C'4, except for one which is C'1. This case emerges
when by and b; are non-null, there is no restriction on b, and by, all
remaining coefficients are null, and the system by + b1z = by + bz = 0
is incompatible.

All the leaves being C4, except for one which is C'11. This case emerges
when b; and b; are non-null, there is no restriction on by and by, all
remaining coefficients are null, and the system by + byjz = by + byx =0
is compatible.

Predominance of C'5

All the leaves being C'5. This case arises when bjg = by; = bis = b3 =
b1y = b5 = 0, bg and by are non-null, and the system

(bg +b61‘) +Xb8 =0
(b4+b7[L‘) +Xb9 = 0

is incompatible for any value of x.
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P19 All the leaves being C5, except for one of them which is C'7. This
case arises when b10 = bn = b12 = b13 = b14 = b15 = O, bg and
by are non-null, and there exists a value xzy such that the system
{ (bg + b6{L‘0) + ng =0

(b4 + b7$0) + ng =0
isfy the equation (by + bizo) + X (by + bszg).

is compatible, but its solution does not sat-

P20 All the leaves being C5, except for one of them which is C'8. This
case arises when by = by = bis = b3 = by = bis = 0, bg and
by are non-null, and there exists a value zy such that the system

(bg + bﬁl’o) + ng =0
(bg + brxg) + Xbg =0 is compatible.
(bo + b1xg) + X (b2 + bszg) =0

P21 All the leaves being C5, except for one of them which is C'3. This
occurs when byg = by1 = b3 = b1y = b5 = 0, bg and by5 are non null, the
I

(b4 + b7l’) + X(bg + blgl’o) =0
(bg + b@l’o) + ng =0
(b4 + b7.1'0) + X(bg + blg) =0
where x( is the solution of the equation by 4+ bjsx = 0.

is incompatible for any value

of x, and the system is incompatible,

P22 All the leaves being C5, except for one of them which is C'9. This
occurs when byg = by = b1z = by = bz = 0, bg and by» are non
(bg + bGZ') + ng =0
null, the system { (b + br) + X (by + bra) = 0
each z different from the solution z( of the equation by + bjox = 0, and
(bg + b6ZEO) + ng =0
th t
© system { (bs + brzo) + X (bg + bra) = 0
required that the respective solutions of the previous systems do not
satisfy the equations (by + byxg) + X (by + bsxg) = 0 and (by + byzg) +
X (b3 + bgxo) = 0, respectively.

is incompatible for

is compatible. It is also

P23 All the leaves being C5, except for one of them which is C'9. This

occurs when byg = by; = bz = by = by = 0, bg and byp are non
(bg + bGZE) —|—ng =0
(b4 + b7l’) + X(bg + blg) =0
each z different from the solution xg of the equation by + bz = 0,
(bg + bﬁﬂ?o) + ng =0
and the system (by + brxo) + X (bg + b12) =0 is compatible. It is
(bo + blxo) + X(bg + 66330) =0
also required that the solution of the first system satisfy the equations
(bo + blxo) + X(bg + b5l’0) =0.

null, the system is incompatible for
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P24 All the leaves being C5, except for two of them which are C'3. This
occurs when b10 = 613 = b14 = b15 = O, b11 and b12 are non null,
the system { (bg + bﬁl‘) + X(bg + blll’) =0

(b4 + b7l‘) + X(bg + blg) =0

value of x, and there exist distinct values o and z; such that: (a)

bg—i-bnl’o = O, but bg—i-bﬁl’g 75 O; and (b) b9—|—b12]}1 = 0, but b4+b7$1 7& 0.

is incompatible for any

P25 All the leaves being C5, except for one of them which is C2. This
occurs when byg = bi3 = byy = b5 = 0, by; and byp are non null, the
system { (bg + be) + X(bg + blll‘) =0

(b4 + 671’) + X(bg + blg) =0
of z, and there exists a value xq such that bg + b112g = by + biaxg = 0,
but b3 + bgxo and by + byxy are non-null.

is incompatible for any value

P26 All the leaves being C5, except for two of them, one of which is C3 and
the other is ('9. This occurs when by = b3 = by = bis = 0, by, by
and byo are non null, and there are different values xy and z; such that:
(a) by + brxg = bg + b1axg = 0, and the systems

(bo + bl.ro) + X(bg + b5l’0) =0
(bg + b6$0) + X(bg + b111'0> =0

and
(bo + b1$0) + X(bg + bﬁl’o) =0
(b2 + b5[L’0) + X(bg + b11x0> =0

are incompatible; and (b) bg + b1 = 0, but bz + by # 0.

P27 All the leaves being C'5, except for two of them, one of which is C'3 and
the other is C'10. This case arises when by = b3 = by = b5 = 0, by,
bi11 and by are non null, and there are different values xg and x; such
that: (a) by + byzg = by + biazo = 0, and the systems

(bo + blmo) + X(bg + 651’0) =0
(bg + bgl’o) + X(bg + bnxo) =0

and
(bo + blxo) + X(bg + 665130) =0
(bg + b5$0) + X(bg + bnxo) =0

are compatible; and (b) bg + b1z = 0, but bg + bgzy # 0.
P28 All the leaves being C5, except for two of them which are C'9. This

occurs when byg = b1z = by = bis = 0, bg, by, by and by are non
null, and there are different values xy and z; such that: (a) by + by =
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- (bo + blxo) + X(bg + b51’0) =0

by + bioxg = 0, and the systems { (bs + bzo) + X (bs + bryzo) = 0
d { (bo + blfﬂo) + X(bg + bﬁﬂ?o) =0
(bg + b5370) + X(bg + bnxo) =0

ber1 = bg + b1y = 0, and the systems

are incompatible; and (b) b3+

(b() + b1$1) + X(b2 -+ b5$1) =0
(bg + bﬁf]?l) + X(bg + bnxl) =0

and
(bo + blﬂfl) + X(b4 + 671’1) =0
(bg + b5l’1) + X(bg + blgilfl) =0

are incompatible.

P29 All the leaves being C5, except for two of them which are C'10. This
possibility appears when by = bi3 = byy = b5 = 0, bg, bz, by and by
are non null, and there are different values xy and x; such that: (a)
by + byxg = bg + b1azo = 0, and the systems

(bo + bl.ﬁEo) + X(bg + 651'0) =0
(bg + bﬁ&?g) + X(bg + bn:co) =0

and
(bo + blf,Eo) + X(bg + 66.1170) =0
(bg + b5$0) + X(bg + bnxo) =0

are compatible; and (b) b3 + bgx; = bg + by1x1 = 0, and the systems

(bo + b1$1) + X(bg + 651’1) =0
(b3 —+ bGZ)’Jl) + X(bg + bn%) =0

and
(bo + bll‘l) + X(b4 + b7$1) =0
(bg + b5[E1) + X(bg + blgl'l) =0

are compatible.

P30 All the leaves being C5, except for two of them, one of which is C'9
and the other is C'10. This possibility emerges when b1 = bj3 = by =
bis = 0, bg, by, by1 and byo are non null, and there are different values
xo and z7 such that: (a) by + byzg = by + bioxg = 0, and the systems

(bo + blﬂio) + X(bg + b5$0) =0
(bg + bGZEo) + X(bg + 611130) =0
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P31

P32

P33

P34

P35

and
(b() + bllL‘Q) + X(bg + bﬁl'()) =0
(bg + b5I0) + X(bg + blll'0> =0

are incompatible; and (b) b3 + bgxy; = bg + by1x1 = 0, and the systems

(bo + blflfl) + X(bg + b5ZL‘1) =0
(bg + b@.ﬁEl) + X(bg + bllxl) =0

and
(bo + blfL‘l) + X(b4 + b7IL‘1) =0
(bg + b5$1) + X(bg + 5121‘1) =0

are compatible.

All the leaves being C5, except for one of them which is C'1. This case
arises when by = b13 = byy = b5 = 0, bg, b7, by1 and by5 are non null,
and there are different values zy such that by + bsxg = b3 + bgrg =
b4 + b7$0 = bg + bnxo = bg + blgl’o = 0, but b() + bll’o 7& 0.

All the leaves being C5, except for one of them which is C'11. This
possibility emerges when b1g = b3 = byy = bi5 = 0, bg, b7, by and by
are non null, and there are different values xq such that by + bixg =
b2 + b5£L’0 = bg + b6$0 = b4 + b7$0 = bg + blll’o == bg + blg.’ﬂo =0.

Predominance of C6

All the leaves being C'6. This only occurs when b1y = bjs = b1z = by =
bis = 0, and bg, by and by are non-null.

All the leaves being C6, except for one of them which is C5. This
possibility appears when bjs = biz3 = biy = bi5 = 0, by, big and by; are
(b2 + b5[[’0) + ng =0
(b3 + bﬁ.ﬁl?o) + Xblo =0
where x( is the solution of the equation bg 4+ b2 = 0.

non-null, and the system { is incompatible,

All the leaves being C6, except for two of them which are C'5. This
occurs when b3 = by = b5 = 0, byg, b1 and by are non-null, and the
systems
(bz + b5x0) + X(bg + blzxo) =0
(bg + bﬁl’o) + Xb10 =0
and
(b2 + b5[L’1) + X(bg + bn%) =0
{ (by + brx1) + Xb1p =0
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are incompatible, where xy and x; are the solutions of the equations
bs + b11x = 0 and by + byox = 0, respectively. It is required that xy and
z1 be different.

P36 All the leaves being C'6, except for three of them which are C'5. This
happens when byy = b;5 = 0, by1, b2 and b3 are non-null, and the

systems
{ (bg + b5[L’0) + X(bg + blgflfo) =0
(b3 + bexo) + X (b1o + bizxo) =0
{(@+@@)+Xwg+mwg:0
(by + brz1) + X (byo + bizx1) =0
and

(b3 + bﬁxg) + X(bg + bnxg) =0

(b4 + b7$2) + X(bg + bml’g) =0
are incompatible, where xg, £1 and x5 are the solutions of the equations
bs+b11x = 0, bg+b1ox = 0 and b1g+b132 = 0, respectively. It is required
that xg, z1 and x5 be pairwise different.

P37 All the leaves being C6, except for one of them which is C'3. This
pOSSlblllty arises when b13 = b14 = b15 = 0, b107 b11 and b12 are HOD—HUH,
and the systems

(bg + b5[E0) + X(bg + blgl'o) =0
(bg + bﬁﬂ?o) + Xblo =0

and
(bg + b5£130) + X(bg + bllxo) =0
(b4 + b7$0) + Xb10 =0
are incompatible, where xy is the solution of the system bg + by =
bg + biax = 0.

P38 All the leaves being C6, except for one of them which is C'2. This
happens when b4 = 015 = 0, b11, b2 and b3 are non-null, and the

systems
{@ﬁw@@+x@+mﬂ@:0
(bs + bgxo) + X (b1o + b13xg) =0
{@ﬁww@+X@+mM@=0
(by + brxg) + X (b1o + b13xo) =0
and

{ (bs + bexo) + X (bs + bi1xo) =

0
(b4 + b7I0) + X(bg + bml’o) =0
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are incompatible, where x( is the solution of the system

bg + blll‘ =0
bg + 6121’ =0
bl() + blgl’ =0

P39 All the leaves being C'6, except for two of them, one of which is C'3 and
the other is C'5. This happens when b1y = b5 = 0, b1, b2 and b3 are
non-null, and the systems

{ (bg + b5l’0) + X(bg + blgxo) =0
(bg + b6£IZ'0) + X(blo + blgl'o) =0"

{ (bg + b5l'1) + X(bg + bnxl) =0
(b4 + b7$1) + X(bl() + 6131’1> =0

and
(bg + bﬁf]?l) + X(bg + bnxl) =0
(b4 + b7$1) + X(bg + blle) =0

are incompatible, where xy and x; are the solutions of the equation
bg + bi1x = 0 and the system by + biox = by + bizx = 0, respectively.
It is required that z¢ and x; be different.

P40 All the leaves being C6, except for one of them which is C'7. This pos-
sibility appears when b1y = bi3 = b1y = b5 = 0, bg, by and by; are non-

(b2 + b5$0) + ng =0

(b3 + b@ﬂ?o) + wa =0 8

compatible, but its solution does not satisfy the equation (by + b1xg) +

X(b4 + b7.1'0) =0.

null, and if bg+by12¢9 = 0, then the system {

P41 All the leaves being C6, except for one of them which is C'7. This
possibility appears when byjs = b13 = byy = b15 = 0, by, b1p and by; are
non-null, and if bg + by1xg = 0, then the system

(bg + b5l’0) + ng =0
(b3 -+ b6330) + Xblo =0
(bo + blili'o) + X(b4 + b7l‘0) =0

is compatible.

P42 All the leaves being C6, except for two of them, one of which is C5
and the other is C'7. This occurs when b3 = byy = b5 = 0, byg, bi1
(bg + b5CL’0) + X(bg + blgl‘o) =0

and bz are non-null, the system { (bs + bgxo) + Xb1p =0
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compatible, but its solution does not satisfy the equation (by + byxo) +

(bg + b5.fE1) + X(bg + bllxl) =0
(b4 + b7.I'1) + Xb10 =0

is incompatible, where xy and x; are the solutions of the equations

bs + bi1x = 0 and by + bioxr = 0, respectively. It is required that xy and

x7 be different.

X (by + brzg) = 0, and the system

P43 All the leaves being C6, except for two of them, one of which is C'5
and the other is C'8. This occurs when b3 = byy = b5 = 0, byg, b1y
(bg + b5l’0) + X(bg + blgfL'()) =0
and by are non-null, the system (bs + bexg) + Xb1o =0
(bo + b1$0) + X(b4 + b7$0) =0
(bg + 65131) + X(bg + bqu’l) =0
(b4 + b7l’1) + Xblo =0
incompatible, where xy and z; are the solutions of the equations bg +
biix = 0 and by + bisx = 0, respectively. It is required that xy and
be different.

is compatible, and the system { is

P44 All the leaves being C6, except for two of them, one of which is C7
and the other is C'8. This occurs when b3 = by = b5 = 0, byg, b1
<b2 -+ b5£L'0) + X(bg -+ b12$0) =0
(bg + b6x0> + Xblo =0
compatible, but its solution does not satisfy the equation (by + b1xg) +
(bg + b5ZL’1) -+ X(bg + bul‘l) =0
X (by + byzg) = 0, and the system (by + brxy) + Xb1o =0
(bo + b1331) + X(bg + bﬁ.ﬁEl) =0
is compatible, where xy and x; are the solutions of the equations bg +
biix = 0 and by + bjox = 0, respectively. It is required that zy and z;
be different.

and bys are non-null, the system {

P45 All the leaves being C6, except for two of them which are C'7. This
happens when b13 = b14 = b15 = 0, blO: b11 and b12 are HOI]—HUH, the
systems

(bg + b5[E0) + X(bg + blgl'o) =0
(bg + bﬁﬂ?o) + Xblo =0

and
(bg + b5l'1) + X(bg + bnxl) =0
{ (b4+b7l‘1)+Xb10 =0
are compatible, but its respective solutions do not satisfy the equations
(b() + blfL'o) + X(b4 + b7l’0) = 0 and (bg + blxl) + X(bg + bﬁl’l) = 0,
respectively. Here xy and x; are different values of x such that bg +
b11$0 =0 and bg + b12[E1 = 0.
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P46 All the leaves being C6, except for two of them which are C'7. This
happens when 613 = 614 = b15 = 0, blO: b11 and b12 are non—null, the
systems

(bg —f- b5$0) —|— X(bg —I— bml’o) = O
(bg —|— bﬁIo) + Xblo = O
and
(bg + b5$1) + X(bg + 5111‘1) =0
{ (b4+b7$1)+Xb10 =0

are compatible, but its respective solutions do not satisfy the equations
(bo + bizo) + X (by + brzg) = 0 and (by + byz1) + X (bs + bgz1) = 0,
respectively. Here zy and x; are different values of = such that bg +
bnl‘o =0 and bg + b12$1 = 0.

P47 All the leaves being C6, except for two of them which are C'8. This
possibility emerges when bj3 = b1y = b5 = 0, by, b1; and by are
non-null, the systems

(b2 + b5$0) + X(bg + blgxo) =0
(bg + bﬁl’o) + Xb10 =0
(bo + b1xo) + X (bs + brzg) =0

and
(bg + b5l’1> + X(bg + bu[El) =0
(by + brz1) + Xb1p =0
(bo + blxl) + X(65 + bGZEl) =0

are compatible. Here zy and z; are different values of x such that
bs + bi1zo = 0 and by + byax; = 0.

P48 All the leaves being C'6, except for three of them, two of which are C'5
and the other is C'7. This happens when byy = b5 = 0, by1, b2 and
(bg + b5l’0) + X(bg + blgxo) =0
(b3 + bezo) + X (b1o + bi3zo) =0’
{ (bg + b5$1) + X(bg + bnl’l) =0

bi3 are non-null, the systems { and

(b + br) + X (bio + bizz1) = 0 are incompatible, and the system
4 741 10 1301) =

{ (bg + bﬁxg) + X(bg + b11$2) =0

(b4 + b7$2) + X(bg + 6121'2) =0
not satisfy the equation (by + b1xs) + X (by + bszy) = 0. Here xg, x4
and xy are the solutions of the equations bg + b112x = 0, by + biox = 0
and b1g + bigx = 0, respectively. It is required that xy, z; and x5 be
pairwise different.

is compatible, but its solution does

Instituto de Matematica Pura e Aplicada 89 March 10, 2013



Jyrko Correa-Morris Marching Cubes

P49 All the leaves being C'6, except for three of them, two of which are C'5
and the other is C'8. This happens when by = bi5 = 0, by1, b2 and
(bg + b5l’0) + X(bg + blgl'o) =0 d
(bg + bﬁl'o) + X(bl() + b13£L‘0) =0 an
{ (bz + b5$1) + X(bg + bllxl) =0
(b4 + b7.CE1) + X(bm + b13$1) =0
(bg + bﬁl‘g) + X(bg + bul’z) =0
(by + brxs) + X (bg + b1ax2) = 0 is compatible. Here xg, x1 and x5
(b() + blflfz) + X(bg + b5$2) =0
are the solutions of the equations bg + bjix = 0, bg + bisx = 0 and
bio+b13x = 0, respectively. It is required that g, 1 and x5 be pairwise
different.

bi3 are non-null, the systems {

are incompatible, and the system

P50 All the leaves being C6, except for three of them, two of which are C'7
and the other is C'5. This possibility emerges when b4 = b15 = 0, b1,
(bg + b5$0) + X(bg + b12$0) =0
(bg + bG.T()) + X(blo + blgiL‘o) =0
(bg + b5l’1) + X(bg + b11$1) =0
(b4 + b7l’1> + X(blo + b13£L‘1) =0
d { (bg + b6{L’2) + X(bg + b11£132) =0
(b4 + b7$2> + X(bg + blgl'g) =0
tive solution do not satisfy the equations (by +b1x1) + X (b3 +bgx1) = 0
and (bg + bixa) + X (b + bsza) = 0, respectively. Here xg, 21 and x5
satisfy bg + b11xg = 0, by + biax; = 0 and byg + b1z = 0. It is required
that xg, z1 and x5 be pairwise different.

bi2 and by3 are non-null, the system {
is incompatible, and the systems {

are compatible, but its respec-

P51 All the leaves being C'6, except for three of them, two of which are C'8
and the other is C'5. This possibility emerges when by = b5 = 0, by,
(bg + b5l'0) + X(bg + blgl'o) =0
(bg + beO) + X(bl() + bml’o) =0
(bg + b51}1) + X(bg + bllxl) =0
is incompatible, and the systems < (by + brzy) + X (b1o + bizz1) =0
(bo + blxl) + X(bg + bﬁﬂ?l) =0
(bg + b6l’2> + X(bg + buZEQ) =0
and (by 4 brxe) + X (bg + biax2) =0 are compatible. Here xg, x1
(bo + b1x2) + X (by + bszo) =0
and xq satisfy bg + byyxg = 0, by + bioxry = 0 and by + bizre = 0. It is
required that xg, x1 and x5 be pairwise different.

bi2 and by3 are non-null, the system {

P52 All the leaves being C6, except for three of them which are C'5, C'7, and
C8, respectively. This possibility arises when b4 = b5 = 0, b11, b2 and
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(bg + b5l’0) + X(bg + blgxo) =0
(bg + bGZL‘()) + X(blo + blgflf()) =0
(bz + b5£[)1) + X(bg + bllﬂfl) =0
compatible, and the systems < (by + brx1) + X (b1o + b1zx1) =0 and
(bo + bllL’l) + X(bg + bﬁxl) =0
{ (bg + bﬁxz) + X(bg + b11$2) =0
(b4 + b7$2) + X(bg + 6121'2) =0
the latter does not satisfy the equation (by + byza) + X (b + bsxg) = 0.
Here xg, x1 and x, satisfy bg+b1129 = 0, bg+b1oz1 = 0 and big+bizze =
0. It is required that zy, 1 and x5 be pairwise different.

b1z are non-null, the system { is in-

are compatible, but the solution of

P53 All the leaves being C'6, except for three of them which are C'7. This
possibility arises when b1y = b;5 = 0, b1y, b1o and b3 are non-null, the

systems
{ (by + bsg) + X (bg + baz) = 0
(b + bgxo) + X (b1 + bizrg) =0
{ (by + bsz1) + X (bg + byyxy) =0
(b4 + b7.CE1) + X(blo + 613$1) =0
and

(bg + bGZEQ) + X(bg + b11$2> =0
(b4 + b7[E2) + X(bg + 6121'2) =0

are compatible, but its respective solutions fail to satisfy the equations
(bo + bll'l) + X(b4 + b7fL’1> = 0, (bo + bliCl) + X(bg + bel) = O, and
(bo + bia) + X (bg + bsx2) = 0, respectively. Here zg, x1 and x5 satisfy
bg + bHCL’O = 0, bg + 6121'1 =0 and blO + b13{L'2 =0. Itis required that
Zo, r1 and x9 be pairwise different.

P54 All the leaves being C6, except for three of them which are C'8. This
occurs when by = b5 = 0, by1, b2 and by3 are non-null, the systems

(b2 -+ 65330) + X(bg + b12.f130) =0
(b3 + bso) + X (b1o + bizwo) =0
(bo + b1$1) + X(b4 + b7$1) =0

(bg + b5I1) + X(bg + bul’l) =0
(b4 + b7l‘1) + X(blo + 5131‘1) =0
(bo + bivy) + X (b3 + bsz1) = 0
and
(bg + b6l’2) + X(bg + blll‘g)
(b4 + b7l’2) + X(bg + blgxg)
(bo + b122) + X (by + bsx2) =

0
0
0
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are compatible. Here xg, 1 and x4 satisfy bg+b1129 = 0, bg+biax1 =0
and big + bisxo = 0. It is required that xy, x; and x5 be pairwise
different.

P55 All the leaves being C6, except for three of them, two of which are C7
and the other is C'8. This possibility appears when b1y = b;5 = 0, b1y,
bi2 and by3 are non-null, the systems { (<£)3 2:56 5500)) i;((((ligo—’—_k%lf;;?) _:%

d { (bg + b5£L‘1) + X(bg + bll.ﬁEl) =0

(b4 + b7$1> + X(blo + blgl’l) =0

tive solutions do not satisfy the equations (bg+b121) + X (bs+brz1) =0

and (by + bix1) + X(bs + bgxy) = 0, respectively, and the system
(bg + bGZEQ) + X(bg + 611372) =0

(by 4 brxa) + X (bg + b1ax2) = 0 is compatible. Here xg, x1 and x5
(bg -+ blx2> + X(bg + b5$2) =0

satisfy bg + b11xg = 0, by + biox; = 0 and byg + b1z = 0. It is required

that xg, z1 and x5 be pairwise different.

are compatible, but its respec-

P56 All the leaves being C6, except for three of them, two of which are C8
and the other is C7. This occurs when by = b5 = 0, by1, b1o and b3
(bg + b5370) + X(bg + blg.iﬁo) =0
are non-null, the systems < (b3 + bgxo) + X (b1o + b1szg) =0 and
(bo + b1I1> + X(b4 + b7$1) =0

(bg + b5l’1> + X(bg + buxl) =0
(bs + brx1) + X (b1o + bigz1) =0
(bo + blltl) + X(bg + b@l’l) =0

and
(bg + b@l‘g) + X(bg + blll'2> =0
(b4 + b7£132) + X(bg + blgxg) =0

are compatible, but the solution of the latter fails to satisfy the equation
(bo+b1xe) + X (by+bsxe) = 0. Here zy, x1 and x5 satisfy bg+bj129 = 0,
bg + bioxy = 0 and b9 + bi3xo = 0. It is required that xy, x1 and x5 be
pairwise different.

P57 All the leaves being C6, except for one of them which is C'9. This
occurs when b3 = by = b5 = 0, byg, b1 and by are non-null, and the
systems

{ (b2 + b5.7}0) + X(bg + bul’o) =0
(b + bezo) + Xb1p =0
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and
(bQ + b5$0) + X(bg + b11]}0> =0
(by + brwy + Xbip =0

are compatible, but its respective solutions fail to satisfy equations (by+
bixo)+ X (by+brxg) = 0 and (bg+b1xo) + X (b3 +bexg) = 0, respectively.
Here xg is the solutions of the system bg + by1x = bg + biox = 0.

P58 All the leaves being C6, except for one of them which is C'10. This
occurs when b13 = b14 = b15 = 0, bl(], bn and b12 are HOI]—IlUH, and the

systems
(b2 + b5l’0> + X(bg + b12$0) =0
(bg + bGZL‘()) + Xblo =0
(bo + biwg) + X (by + brxg) =0
and

(b2 + b5$0) + X(bg + blllCo) =0
(b4 + b7$) + Xb10 =0
(bo + b1xg) + X (b3 + bgzo) = 0

are compatible, where x( is the solutions of the system bg + b1z =
bg + 6121’ = 0.

P59 All the leaves being C6, except for one of them which is C'1l. This only
occurs when by = b5 = 0, bi1, bio, and by3 are non-null, and there
exists ZTo such that bg + b5[L’0 = b3 + bﬁl’o = b4 + b7ZL'0 = b5 + bgl’o =
bg + blle = bg + blg,I‘O = blO + b13.’L'0 = O, but bo + b1$0 7é 0.

P60 All the leaves being C6, except for one of them which is C'11. This
only occurs when by = by5 = 0, b1y, bi2, and by3 are non-null, and there
exists xo such that by + bizg = by + bsxg = b3 + bgxrg = by + brxg =
bs + bygg = bg + b1179 = by + D129 = b1g + b1370 = 0.

61 All the leaves being C6, except for two of them, one of which is C3
and the other C'7. This happens when b1y = b5 = 0, b1, b1 and
(b2 + 55330) + X(bg + blz.To) =0 and
(bg + b6330) + X(b10 + blgl'o) =0
{ (bg + b5$0) + X(bg + bu[L’o) =0
(b4 + b7ZL‘0) + X(blo + blgfﬁo) =0
{ (bg -+ bﬁ.ﬁEl) + X(bg + 6111'1) =0
(b4 + b7$1) + X(bg + bul’l) =0
not satisfy the equation (by + b1x1) + X (b2 + bsx1) = 0, where xy and
x1 are the solutions of the systems bg + b1z = by + bjpxr = 0 and
bio + bisx = 0, respectively. It is required that xy # ;.

bi3 are non-null, the systems {
are incompatible, and the system

is compatible, but its solution does
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62 All the leaves being C6, except for two of them, one of which is C'3 and the
other is C8. This possibility appears when b4 = b5 = 0, b1y, b2 and
(b2 + b5$0) + X(bg + 6121’0) =0
(bg + bGZL'()) + X(blo + blgl'o) =0
{ (bz + b5$0) + X(bg + bllxo) =0
(b4 + b7.CEO) + X(bm + b13$0) =0
(bg + bﬁl‘l) + X(bg + bul’l) =0
(by 4+ brx1) + X (bg + biaz1) = 0 is compatible, where xy and x; are
(b() + blflfl) + X(bg + b5$1) =0
the solutions of the systems bg + b1 = bg+biox = 0 and byg+ b3z = 0,
respectively. It is required that xo # x;.

b1z are non-null, the systems { and

are incompatible, and the system

63 All the leaves being C6, except for two of them, one of which is C'5 and the
other is C'7. This possibility emerges when by = b;5 = 0, b1y, b2 and
(bg + b5f130) + X(bg + blgl’o) =0
(bg + b@iﬁo) + X(blo + b13l’0) =0
{ (bg + 651’0) + X(bg + 611370) =0
(b4 + b7l‘0) + X(blo + blgxo) =0
solutions fail to satisfy the equations (by + bizo) + X (by + brzg) =
0 and (by + b1xg) + X (b3 + bexg) = 0, respectively, and the system
(bg + bﬁﬂ?l) + X(bg + bllxl) =0
(b4 + b7.CE1) + X(bg + 6121‘1) =0
are the solutions of the systems bg+b112 = bg+b1ox = 0 and big+bi3x =
0, respectively. It is required that xq # x;.

bi3 are non-null, the systems { and

are compatible, but its respective

is incompatible, where xy and

64 All the leaves being C6, except for two of them, one of which is C5
and the other is C'8. This occurs when byy = b5 = 0, b1, b2 and
(bg + b5$0) + X(bg + blgl'o) =0
bis are non-null, the systems ¢ (bs + bgxo) + X (b1o + b13xo) =0 and
(bo + bll’o) + X(b4 + b7l’0> =0
(bg + b5lL‘0) + X(bg + blle) =0
(by + brzo) + X (b1o + b13xo) =0 are compatible, and the system
(bo -+ bll’o) + X(bg + b633'0) =0
{ (bg + bﬁl‘l) + X(bg + blll’l) =0
(b4 + b7ZL‘1) + X(bg + blgl’l) =0
are the solutions of the systems bg+by1x = bg+biox = 0 and byg+bi3x =
0, respectively. It is required that xo # ;.

is incompatible, where xy and x;

65 All the leaves being C6, except for two of them, one of which is C'8 and
the other is C'9. This happens when by = bi5 = 0, b1, b1 and b3 are
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non-null, the systems

{ (bg + b5.1'0) + X(bg + 612960) =0
(bg + b6l’0) + X(blo + blgxo) =0"

{ (bQ + b5ZE0) + X(bg + blll’o) =0
(b4 + b7ZL’0) + X(blo + blgl’o) =0
and
(bg + b6$1) + X(bg + b11$1) =0
(b4 + b73§’1) + X(bg + b12$1) =0
(bo + blili'l) + X(bg + b53§'1) =0

are compatible, but the solutions of the two first do not satisfy the
equations (bg+byxg)+X (bs+brze) = 0 and (bo+byz)+X (bs+bgzo) = 0,
respectively, where zy and x; are the solutions of the systems bg+by1x =
bg+b1az = 0 and big+bi3x = 0, respectively. It is required that z¢ # ;.

66 All the leaves being C'6, except for two of them, one of which is C'7 and
the other is C'10. This occurs when b1y = bi5 = 0, by1, bis and b3 are
(bg + b5.’£0) + X(bg + blgxo) =0
non-null, the systems ¢ (b3 + bgzo) + X (b1o + b13z9) =0 and
(bo + bll’o) + X(b4 + b7$0) =0

(bg -+ b5l’0) + X(bg + buxo) =0
(b4 + b7ZL‘0) + X(blo -+ blgl’o) =0
(bo + b1$0) + X(bg + b(j.ﬁEo) =0

and
(bg + b5$1) + X(bg + b11£L‘1) =0
(b4 + b7$1) + X(bg + blgl’l) =0

are compatible, but the solution of the latter fails to satisfy the equation
(bo 4+ byx1) + X (by + bsz1) = 0, where zy and z; are the solutions of the
systems bg + by1x = bg + bisx = 0 and byg + bizx = 0, respectively. It is
required that xq # x1.

Predominance of C7

67 All the leaves being C'7. This possibility appears when bg = by = b1y =
biz = by = b5 = 0, by and by are non-null, and for all value zy of x the
system { (b2 + b5x0) + Xby =0

(bg + bﬁ&?()) + Xbl() =0
not satisfy the equation (by + b1xo) + X (bs + brzo) = 0.

is compatible, but its solution does
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68 All the leaves being C7, except for one of them which is C'3. This pos-
Slblllty arises when bg = b11 = b12 = b14 = b15 = O, bg, b10 and b13
are non-null, for all value xy of x, except for a value z;, the sys-
tem { (b2 + b5l’0) + ng =0

(bg + bﬁxo) + X(blo + b13$0) =0
tion does not satisfy the equation (by + b1xo) + X (bs + brzg) = 0, and
b10 + b13x1 =0 and bg + b6I1 7& 0.

is compatible, but its solu-

69 All the leaves being C7, except for two of them which are C'3. This
pOSSlblhty arises when bg = b11 = b14 = b15 = 0, bg, blo, b12 and b13 are
non-null, for all value z( of x, except for two distinct values x; and x»,

(bg + b5l’0) + X(bg + blgxo) =0
the system { (bs + beo) + X (1o + brazrg) = 0

solution does not satisfy the equation (by + byzo) + X (bs + brz) = 0,

and bg +b121’2 = blo—f-blgl‘l =0 and bg +b6I1 and b4+b7£€2 are non-null.

is compatible, but its

70 All the leaves being C'7, except for one of them which is C2. This pos-
Slblllty arises when bg = b11 = 614 = b15 = 0, bg, blO; b12 and b13
are non-null, for all value xy of z, except for one value z;, the sys-
tem { (bg + b5{L‘0) + X(bg + bul’o) =0

(bg + b@f()) + X(blo + b13$0) =0
tion does not satisfy the equation (by + b1xo) + X (bs + brzo) = 0, and
bg + blgl’l = blO + blgfL'l =0 and bg + bﬁl’l and b4 + b7[[‘1 are non-null.

is compatible, but its solu-

71 All the leaves being C'7, except for one of them which is C'8. This possi-

blhty emerges when bg = bll = b12 = b13 = b14 = 615 = O, bg and b10 are
(b2 + b5.7)0) + ng =0
(b3 + bgxo) + Xbio =0
is compatible, but only for one value, the solution of system satisfies
the equation (by + byixg) + X (bs + brxo) = 0.

non-null, and for all value xg of x the system {

72 All the leaves being C'7, except for one of them which is C'9. This happens
when bg = b11 = b12 = b14 = bl5 = O, bg, b10 and b13 are 1’1011—111,111,
(bg + b5l’0> + ng =0
b3 + bGZE()) + X(blo + blgl'()) =0
compatible, but its solution does not satisfy the equation (by + byxo) +
X (by 4+ brzg) = 0, and there exists a value 7 such that by + bgzrq =
(bo + blxl) + X(bg + b5£IZ’1) =0
(b4 + b7$1) + ng =0

for all value xy of x the system { ( is

bio + bisxr; = 0, and the system { is

incompatible.

73 All the leaves being C'7, except for one of them which is C'10. This
occurs when bg = b1y = b1s = by = b15 = 0, by, b9 and by3 are non-null,
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(bg + b5I0) + ng =0
b3 + bGIo) + X(bm + blgl‘o) =0
compatible, but its solution does not satisfy the equation (by + byxo) +
X (by 4 brzg) = 0, and there exists a value 7 such that by + bgzr; =
(b(] + blxl) + X(bz + b5$1> =0
(b4 + b7I1) + ng =0

for all value zy of x the system { ( is

bio + bisx; = 0, and the system { is

compatible.

74 All the leaves being C'7, except for one of them which is C'4. This occurs
when by = by = by = bis = 0, by and by are non-null, for all value xq

(bg + b5$0) + X(bg + blgl'o) =0 . .
of x the system { (b + bero) + X (bro + brso) = 0 is compatible, but
its solution does not satisfy the equation (bg+ byxg) + X (bs+brxg) = 0,
and there exists a value x; such that by +bsx1 = b3 +bgr; = bg+b1ax1 =

b10 + b13$1 =0 and b4 + b7.§L’1 7£ 0.

75 All the leaves being C7, except for one of them which is C'1. This pos-

sibility arises when bg = b1y = b1y = b15 = 0, by and by are non-null,
(bg + b5$0) + X(bg + 6121'0) =0
(b3 + b@l‘o) + X(bw + blgl’o) =0
compatible, but its solution does not satisfy the equation (by + b1xg) +
X (by + byzg) = 0, and there exists a value z; such that by + bszq =
b3 -+ bﬁ.ﬁlﬁl = b4 -+ b7131 = bg + bmﬂ?l = blO + b13131 =0 and bo + b1I1 # 0.

for all value x(y of z the system { is

76 All the leaves being C7, except for one of them which is C'11. This

possibility arises when bg = by = by = b5 = 0, by and by are non-null,
(bg + b5$0) + X(bg + 6121'0) =0
(b3 + bﬁl’o) + X(bw + blgl’o) =0
compatible, but its solution does not satisfy the equation (by + b1xg) +
X (by 4 byxg) = 0, and there exists a value z; such that by + bjzy =
b2 + b5131 = b3 + bﬁ&ll = b4 + b7131 = bg + blle = b10 + b13131 =0.

for all value x(y of x the system { is

Predominance of C8

77 All the leaves being C8. This possibility appears when by = by = by =
biz = b1y = bis = 0, bg and byy are non-null, and for all value zy of x
(bg + b5l’0) + X(bg + blgﬂfo) =0
the system < (b3 + bgxo) + X (b1g + b1zxo) = 0 is compatible.
(bo + blxo) + X(b4 + b7.1'0) =0

78 All the leaves being C8, except for one of them which is C'10. This
possibility emerges when bg = b1; = b1y = b1y = b15 = 0, by, b1p and by3
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are non-null, for all value xg of x the system

(bg -+ b5x0) + X(bg + blgfﬂo) =0
(bg + bﬁl’g) + X(b10 + blglCo) =0
(bo + bll’o) + X(b4 + b7ZL’0) =0

is compatible, and there exists a value x; such that b3 + bgx1 = byg +

- (b0+b1$1) +X(b2+b5$1) =0 . B
bisxr1 = 0 and the system { (bs + brer) + X (b + brorg) = 0 is com

patible.

79 All the leaves being C8, except for one of them which is C'11. This pos-
sibility arises when bg = b1 = by = bi5 = 0, by, by1g, b12 and b3 are non-
(bg + b5$o) + X(bg + 512160) =0
null, for all value xq of x the system ¢ (b + bgzo) + X (b1o + b13xo) =0
(b() + bll’g) + X(b4 + b7$0) =0
is compatible, and there exists a value x; such that by + byx1 = by +
b5l’1 = b3 + b6l’1 = b4 + b7l’1 = bg + blgxl = bl() + blgl’l =0.

80 All the leaves being C'9. This possibility appears when by = by = by =
bg = b11 = b12 = b13 = b14 = b15 = O, b10 7£ 0, and for all value Zo of x

the system (bs + brzo) + X (bro) =0
Y (bo + blil,’o) + X(bg + b6$0) =0

is incompatible.

Predominance of C9

81 All the leaves being C9, except for one which is C2. This possibility

appears when bg = b5 = bg = bg = b11 = b12 == 614 = b15 = O, blO 7é 0,
(b4 + b7l‘0) + X(blo + b13{L'0) =0
(bo + bl,CEo) + X(bg + bg.ﬁlﬁo) =0
is incompatible, except for a value x; such that by + b3y = 0 and
bs + bgx; and by + byxy are non-null.

and for all value z( of x the system {

82 All the leaves being C9, except for one which is C'4. This happens when

by = bs = bg = by = by = by = by = b5 = 0, by # 0, and
(b4 + b7l‘0) + X(blo + blgl‘o) =0
(bo + blxo) + X(b3 + b6x0) =0
incompatible, except for a value z; such that by + byj3x1 = 0 and only
one of the numbers b3 + bgx, and by + byxq is non-null.

for all value xg of x the system is

83 All the leaves being C9, except for one which is C'4. This occurs when
b2 = b5 = bg = bg = b11 = b12 = b14 = 615 = 0, blg 7& O, and for all value
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(b4 + b7{L‘0) + X(blo + blglto) =0
(bo + b1x) + X (b3 + bgzp) = 0
except for a value T such that b3 + bﬁ[)’}l = b4 + b7l’1 = b10 + blglL'l =0

and bg + b;z; is non-null.

xo of x the system { is incompatible,

84 All the leaves being C9, except for one which is C'11. This occurs when

bg = b5 = bg = bg = b11 = b12 = b14 = 615 = 07 b10 7& O, and for all value
(b4 + b7{L‘0) + X(blo + blgfbo) =0
(bo + bll'o) + X(bg + bGZL'()) =0
except for a value x; such that by + byjz1 = bs + bgxr1 = by + byxy =
bio + bizz; = 0.

xo of & the system { is incompatible,

Predominance of C'10

85 All the leaves being C'10. This happens when by = b5 = by = by = by =
bio = b1z = byy = bis = 0, byg # 0, and for all value xq of x the system
{ (b4 + b7$0) + wa =0

(bo + blxo) + X(b3 + bﬁxo) -0 is compatible.

86 All the leaves being C'10, except for one of them which is C2. This
possibility emerges when by = b5 = bg = bg = b1y = b1s = by = b15 =0,
bio, b1z # 0, for all value xg of x, except for a value x;, the system

(b4 + b7$0) + X(bm + b13$0) =0
{ (b(] + blxo) + X(bg + b6$0> =0
and bs + bgx1 and by + byzy are non-null.

is compatible, and big + bizz1 = 0

87 All the leaves being C'10, except for one of them which is C'1. This
pOSSlblhty arises when bg = b5 = bg = bg = bll = b12 = b14 = b15 = 0,
bio, b1z # 0, for all value xg of x, except for a value x;, the system

(b4 + b7£l?0) + X(bm + b13$0) =0
{ (b(] + bll’o) + X(bg + b62L’0> =0
brx1 = big + bizxy = 0 and by + byxq is non-null.

is compatible, and b3 +bgz1 = by +

88 All the leaves being C'10, except for one of them which is C'11. This
pOSSlblhty arises when b2 = b5 = bg = bg = b11 = b12 = b14 = b15 = 0,
bio, b1z # 0, for all value xq of x, except for a value x;, the system

(b4 + 675130) + X(b10 + blgilio) =0
{ (bo + bll’o) + X(bg + bGI()) =0
b6£IZ’1 = b4 + b7£IZ’1 = blO + blgl'l =0.

is compatible, and by+b;z1 = b3+
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Predominance of C'11

89 All the leaves being C'11. This only occurs when all coefficients are null.

Predominance of C'12

90 All the leaves being C'12. This possibility emerges when b5 = 0, by4 # 0,
and for all value zy of x, the systems

(bg + b6l’0) + X(bg + buxo) =0
(b4 + b7l’0) + X(bg + b12$0) =0
(b1o + bizxo) + Xbiya =0

?

(bg + b5x0) + X(bg + bnl’o) =0
(b4 + 671‘0) + X(blo + blgxo) =0 s
(bg 4 biawg) + Xb1y =0
and
(b2 + b5l’0) + X(bg + blgxo) =0
(bg + bﬁlL‘O) + X(blo + blgl‘o) =0
(bs + b1179) + Xb14 =0
are compatible, but its respective solutions do not satisfy the equations

(b() + bll'()) + X(bg + b5I0> = 0, (bo -+ blxo) -+ X(bg + bﬁ[[‘o) = O, and
(bo + b1zo) + X (by + brxg) = 0, respectively.

91 All the leaves being C'12, except for one of them which is C'1. This
possibility emerges when b5 # 0, for all value xg of x, the systems

(bg + b6l’0) + X(bg + buxo) =0
(b4 + b7l’0) + X(bg + b12$0) =0 y
(bro + bizzo) + X (b1g + b15) =0

(bg -+ 6556(]) -+ X(bg + bnl’o) =0

(b4 + 671‘0) -+ X(blo + blgxo) = 0 5

(bg + b1azo) + X (b1a + b15) =0
and

(b2 + b5l’0) + X(bg + blgxo) =0

(bg + bﬁl‘g) + X(blo + blgl‘o) =0

(bg + b1170) + X (b1a + b15) =0
are compatible, but its respective solutions do not satisfy the equations
(bo + bll‘o) + X(bg + b5I0> = 0, (b() + blxo) + X(bg + bﬁ[L‘o) = O, and
(bo + b1o) + X (by + brzg) = 0, respectively, and there exists a value z;
such that byy + b1 = 0 and by + byzy # 0.

Instituto de Matematica Pura e Aplicada 100 March 10, 2013



Jyrko Correa-Morris Marching Cubes

Predominance of C'13

92 All the leaves being C'13. This possibility arises when b5 = 0, by # 0,
(bg + bﬁxo) + X(bg + bnl’g) =0
and for all value g of z, the system < (by + brzg) + X (bg + b12x9) =0
(b1o + bizzo) + Xb1a =0
is compatible, but its solution does not satisfy the equation (bg+byzo)+
(b2 + b5$0) + X(bg + blle) =0
X (by+bsxg) = 0, and the systems ¢ (by + brzo) + X (b1o + bizxo) =0
(bg + bul’g) + Xb14 =0
(bg + b5l’0) + X(bg + blgxo) =0
and < (bs + bexo) + X (b1o + bizzo) = 0 are incompatible.
(bs + bi1x) + Xbig =0

93 All the leaves being C'13, except for one of them which is C1. This

happens when b5 # 0, for all value xg of z, the system

(bg + b6l’0) + X(bg + bul’o) =0
(b4 + b7l’0) + X(bg + blgxo) =0
(b1o + bizxg) + X (b1a + b15) =0

(bz + 55330) + X(bg + bll.To) =
X(b2+b5l’0) = O, and the systems (b4 + b7$0) + X(bm -+ blgl'o) =
(bg + blgx(]) + X<b14 + b15) =0
(bg + b5l’0) + X(bg + blgl'()) =0
and (bs + bexo) + X (b1o + b1sxo) = 0 are incompatible, and there
(bs + b112g) + X (b1 + b15) =0
exists a value x1 such that by+bsx; = bs+bgr; = ba+brxy = bg+by121 =
bg + blgl’l = blO + blgl'l = b14 + b15.1'1 = O, but bo + blxl 7é 0.

is compatible, but its solution does not satisfy the equation (bg+byzo)+
0
0,

94 All the leaves being C'13, except for one of them which is C'4. This occurs
when b5 # 0, for all value z( of z, the system

(bg + b61'0) + X(bg + bnxo) =0
(b4 + b7ZL‘0) + X(bg + b12$0) =0
(b1o + b13zo) + X (b1a +b15) = 0

is compatible, but its solution does not satisfy the equation (bg+byzo)+
(b2 + b5$0) + X(bg + 6111'0) =0

X (by+bsxg) = 0, and the systems ¢ (by + brzo) + X (b1o + bizxo) =0
(bg + b1axg) + X (b1g + b15) =0
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(bg + b5ZL’0) + X(bg + b121'0> =0
and (bs + bexo) + X (b1o + b1sxo) = 0 are incompatible, and there
(bs + b1179) + X (b1a + b15) =0
exists a value x; such that bs + bgr; = by + byxy = bg + byyx1 =
bg + 512$1 = blO + b13£L’1 = b14 + b15$1 = O, but bo + blxl and bg + b5$1
are non-null.

95 All the leaves being C'13, except for one of them which is C'7. This occurs
when b5 # 0, for all value zy of x, the system

(bg + b6$0> + X(bg + b11$0) =0
(b4 + b73§’0) + X(bg + b12$0) =0
(b1o + b13wo) + X (b1a + b1s) = 0

(b2 + b5$0) + X(bg + bnxo) =
X (by+bsx9) = 0, and the systems ¢  (by + brxg) + X (b1o + bizzo) =
(bg + b1ozo) + X (b1ga +b15) =0
(bg + b5.1'0) + X(bg + blgl'(]) =0
and { (b3 + bexo) + X (b1o + bizzg) = 0 are incompatible, and there
(bg 4+ b1179) + X (b1a + b15) =0
exists a value x1 such that big + bi3z1 = big + bisx1 = 0, but bg + b1
and bg + b2z are non-null.

is compatible, but its solution does not satisfy the equation (by+b2¢)+
0
0,

96 All the leaves being C13, except for one of them which is C3. This
possibility appears when b5 # 0, for all value xq of z, the system
(bg + ng(]) + X(bg + bnxo) =0
(by + brzo) + X (bg + biazg) = 0 is compatible, but its solution does
(b1o + bizxo) + X (b1a + b15) =0
not satisfy the equation (by+byxg) + X (bs +bszo) = 0, and the systems

(bg + b5ZL‘Q) + X(bg + blll‘o) =0
(bs + brwg) + X (b1o + bizro) =0
(bg + 6121'0) + X(bl4 + b15) =0

and
(bz + b5l’0) + X(bg + blzfﬂo) =0
(bg + bﬁl’g) + X(b10 + blgilio) =0
(bs 4+ b1179) + X (b1a + b15) =0

are incompatible, and there exists a value x; such that bg + byj1x1 =
bg + b12I1 = b14 + b151’1 = O, and b10 + b13[E1 and bg + b5I1 are non-null.
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97 All the leaves being C13, except for one of them which is C3. This
possibility appears when b5 # 0, for all value zy of z, the system
(bg + bﬁl’o) + X(bg + buxo) =0
(by + brzo) + X (b + biazg) = 0 is compatible, but its solution does
(b1o + bizxo) + X (b1a + b15) =0
not satisfy the equation (by+ b1xo) + X (b +bsz0) = 0, and the systems

(bg + b5ZEQ> + X(bg + b11$0) =0

(b4 + b7l’o) + X(blo + b13$0) =0 s

(bg + blgl’o) + X(bl4 + b15) =0
and

(b2 -+ b53§'0) + X(bg + blzfﬂo) =0

(bg + b6$0> + X(b10 + b13130) =0

(bs + b1179) + X (b1a + b15) =0
are incompatible, and there exists a value x; such that by + b5z, =
bs + by1xy = bg 4 bioxy = b1y + bisxy = 0, big + D131 is non-null, and

(bo+b1$1)+X(bg+bg$1) =0 .. .
the system { (bs + brer) + X (bro + brsz1) = 0 is incompatible.

Predominance of C'14

98 All the leaves being C'14. This happens when b5 = 0, by # 0, and for
all value xg of x, the systems

(bg + bgl‘o) + X(bg + b11$0) =0
(b4 + 671’0) + X(bg + b12$0) 0
(bro + b1zo) + Xbiy =0

(bg + 6556(]) + X(bg + bnl’o) =0
(by + brzg) + X (b1g + bigzo) =0
(bg 4 biawg) + Xb1y =0

Y

and
(b2 + b5$0) + X(bg + blgl'o) =0
(bg + bﬁl'[)) + X(blo + b13l‘0) =0
(bs 4+ b11mg) + Xb1y =0
are incompatible

99 All the leaves being C'14, except for one of them which is C'6. This occurs
when b5 # 0, for all value xy of x, the systems

(bg + b(ﬂfg) + X(bg + bul’o) =0
(b4 + b7flf()> + X(bg + blgfto) =0
(b1o + b1370) + X (b1a + wob15) = 0

Y
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(bg + b5l’0) + X(bg + bu[)?()) =0
(by + brwo) + X (b1o + bigzo) =0
(bg + b12x0> + X(b14 + 370b15) =0
and
(b2 + b5l’0) + X(bg + blgxo) =0
(bg + bﬁlL‘O) + X(blo + blgl‘o) =0
(bs + b1179) + X (b1a + 20b15) =0
are incompatible, and there exists a value x; such that b4 + 21015 = 0,
but bg + x1b11, by + x1b12, and big + x1b13 are non-null.

100 All the leaves being C'14, except for one of them which is C'5. This
possibility appears when b5 # 0, for all value xy of x, the systems

(bg + b6$0> + X(bg + blll'o) =0
(b4 + b7l’0> + X(bg + blgl’o) =0
(bro + biswo) + X (b1g + 2b15) = 0

9

(bg + b5l’0> + X(bg + bnl’o) =0
(bs + brg) + X (bio + bizwo) =0
(bg + biaxg) + X (bia + 2ob15) =0
and
(b2 + b5;€0) + X(bg + blzilio) =0
(bg + bﬁl’g) + X(blo + b13$0) =0
(bs + b1170) + X (bia + 20b15) =0
are incompatible, and there exists a value x; such that bg + x1b1; =
bg + x1b12 = b1y + 1015 = 0, b1g + 21013 is non-null, and the systems

obtained by removing the thirst equation in the two latter systems
above are incompatible.

101 All the leaves being C'14, except for one of them which is C2. This
possibility emerges when b5 # 0, for all value xy of x, the systems

(bg + 6656(]) + X(bg + bnl’o) =0
(b4 + b7l’0> + X(bg + blgxo) =0
(bio + bi3zo) + X (big + 20b15) = 0

(bg + b5l’0> + X(bg + buxo) =0
(bs + brg) + X (b1o + bizzo) =0
(bg + blgxg) + X(bl4 + $0b15) =0

Y

and
(b2 + b5l’0) + X(bg + blgl‘o) =0
(bg + bﬁl‘g) + X(blo + b13ZL‘0) =0
(bs + b1179) + X (bia + 20b15) =0
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are incompatible, and there exists a value x; such that bg + x1b1; =
bg + Jflle = bl() + Ilblg = b14 + $1b15 = 0, and the systems obtained by
removing the thirst equation in the systems above are incompatible.

Predominance of C'15

102 All the leaves being C'15. This possibility appears when b5 = 0, by4 # 0,
(bg + bﬁl’o) + X(bg + bnl’g) =0
for all value zy of x, the systems < (by + brzg) + X (bg + b12x9) =0
(b1o + bizzo) + Xb1a =0
(bg + b5l'0) + X(bg + bn:co) =0
and ¢ (by + brzo) + X (b1 + bizzg) = 0 are incompatible, and the sys-
(bg + b1axg) + Xb1a =0
(bo + blﬂﬁo) + X(b4 + 57330) =0
(bQ + b53§'0) + X(bg + b12x0) =0
(bg + b6x0) + X(blo + b13$0) =0
(bg + bu[Eo) + Xb14 =0

103 All the leaves being C'15, except for one of them which is C'8. This
occurs when by5 # 0, for all value xg of x, the systems

tem is compatible.

(bg + bﬁl’o) + X(bg + bu[Eo) =0
(b4 + b7l’0) + X(bg + blgfﬁo) =0
(b1o + b13wo) + X (b1a + bis) = 0

and
(b2 -+ b53§'0) + X(bg + bnmo) =0
(b4 + b7$(70> + X(b10 + b13130) =0
(bg 4 b12wg) + X (b1a + b15) =0

(bo + bll’o) + X(b4 + b7l’0) =0
(bg + b5{L’0) + X(bg + blgl’o) =0
(bg + b@ﬁo) + X(blo + blgl‘o) =0
(bs + b1179) + X (b1a + b15) =0
compatible, and there exists a value x; such that bgs 4+ b2y = b1y +
bisx1 = 0, but bg + b1 and byg + bi3x; are non-null.

are incompatible, the system is

104 All the leaves being C'15, except for one of them which is C'3. This
occurs when by5 # 0, for all value xg of z, the systems

(bg + b6l’0) + X(bg + bul‘o) =0
(b4 + b7l’0) + X(bg + blgxo) =0
(b1o + bizxo) + X (b1a + b15) =0
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and
(bg + b5l’0) + X(bg + buxo) =0
(b4 + b7ZL‘0) + X(blo -+ blgl‘o) =0
(bg + b12o) + X (b1a + b15) =0

(bo + b1xo) + X (by + brxg) =0
are mcompatible, the system 3" S LD 7

(bs + b112) + X (b1a + b15) =0
compatible, and there exists a value z; such that by 4+ bisx1 = big +

bizr1 = by + bisxy = 0, but bg + b1 is non-null.

18

Predominance of C'16

105 All the leaves being C'16. This possibility appears when b5 = 0, by4 # 0,
and for all value z of x, the systems

(bo + bliL'o) + X(bg + b5.1'0) =0

(bg + b6$0) + X(bg + bnxo) =0

(b4 + b7l’0) + X(bg + blgxo) =0
(b1o + b13wo) + Xb1y =0

and
(bo + bizo) + X (b + bezo) =0
(bg + b5l‘0) + X(bg + bllIo) =0
(by + brzg) + X (b1g + bigzg) =0
(by + bi2xg) + Xb1gs =0
and

(bo + blili'o) + X(b4 + b73§'0) =0
(bg + b5I0) + X(bg + blgl’o) =0
(bg + bﬁl‘g) + X(blo + 5131‘0) =0
(bs 4 bi1mg) + Xb1y =0
are compatible.

106 All the leaves being C'16. This possibility appears when b5 = 0, by4 # 0,
for all value xg of x, the systems

(bo + bll’o) + X(bg + b5370) =0

(bg + bﬁxo) + X(bg + bul’o) =0

(b4 + b7l’0) + X(bg + blgxo) =0
(bio + biszo) + X (big + b1520) = 0
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and
(bo + bizg) + X (b + bezo) =0
(bg + b5l’0) + X(bg + blle) =0
(by + brzo) + X (b1o + bigzg) =0
(bg + b1ag) + X (bia + b1529) =0
and

(bo + blili'o) + X(b4 + b7l‘0) =0
(bg + b5l’0) + X(bg + blgl‘o) =0
(bg + bﬁl‘g) + X(blo + blgl‘o) =0

(bs + b1120) + X (b1g + bisz9) =0

are compatible, and there exists a value x; such that by + bisx1 =0
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